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Quantum Maps and Quantum States

Characterization of entanglement on composed
systems

Only simple systems 2 2% 2  3admit a
universal separability condition

Positive Partial Transposition , Separability
In general a PPTstate can be entangled

Positive but not completely positive maps are
useful for the characterization of entangled
states

There is a connection between positive maps and
guantum states of bipartite systems

Classi cation of positive maps



Quantum States

1) Pure States: Rayson a Hilbert SpaceH



Quantum States

1) Pure States: Rayson a Hilbert SpaceH
2) Mixed States: Density matrices on H



Quantum States

1) Pure States: Rayson a Hilbert SpaceH
2) Mixed States: Density matrices on H
) Hermiticity y =
i) Positivity > 0
i) Normalizable Tr =1



Quantum States

1) Pure States: Rayson a Hilbert SpaceH
2) Mixed States: Density matrices on H
) Hermiticity y =
i) Positivity > 0
i) Normalizable Tr =1

Example:
=] >< | (pure state)



Quantum States

1) Pure States: Rayson a Hilbert SpaceH
2) Mixed States: Density matrices on H

) Hermiticity y =
i) Positivity > 0
i) Normalizable Tr =1

Example:
=] >< | (pure state)

The set of density matrices D(H) is convex
=s1+(1 92

Pure states are extremal of D(H)
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Quantum Maps

1) For Pure States a projective Map: :H! H
2) For Mixed States: :L(H)! L(H)

) Preservesselfadjointness ()=
) PreservesPositivity ()>0
i) PreservesNormalization Tr ()=
IV) PreservesLinearity

1+(1 92)=s()+@ 9 (2

()

1

Example: Unitary map
()= U UY (pure state)

The set of guantum maps QOMap$D (H)) Is convex
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Positive and Completely Positive Maps

1) Positive Map: :L(H)! L(H)

) Selfadjointness (@Y= (@)
i) Positive @>01if a>0
i) Linear sy +rap)= s (a)+r ()

2) Completely Positive: : L(H)! L(H)

Iv) Complete Positivity
Ik
IS positive for any k2 N
Any completely positive map Is positive, but not any

positive map hasto be completely positive
Example: Transposition map

(a) = a'



Positive Maps In L(C") = M,
The hermitian product of M

(@b)= Tr@h) 8ab2 M,

Given a basisff; = 1;2 n’gin M, such that

(T;1)=

there is also a product in the space of maps

ha 2i = Tr( a(f ) of )
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Positive Maps in L(C") = M,
If we de ne the basisof maps

(@=f af’

any map can be expressed as

B Matrix :

X
@= B (@)

The matrix Bishermitian: B =B
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Positive Maps In L(C") = M,

[Sudarshan, Mathews and Rau '60]
If ji >;1=1;2;, nisabasisof C",

f =g =]ji><|j

1. A Matrix :
8
2 Ajigo = Ajisjor
A o= Aij;iojo S Aij;iojo 00 > 0
' Aii;iojo = j9o
2. B Matrix :
8
2 Biojjo = Bjeic
B o= Biojjo 5, BiiojjoX YioXj¥o > O
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Completely Positive Maps in L( ") = M
1. Iiscompletely positive iff the matrix B Is positive

2. Iscompletely positive iff

n K n K
k -

IS positive for any k.
3. Iscompletely positive if there exist a family of

operators Dj;i = 1;2 rin M,suchthat can be
decomposed as
X\I .
(a) = DiaD! [IfN =1 isextemadl
-
4. 1f = 4 | »2 M, My isaseparable state the

unitary evolution map
Tr2Uy U = U( 1)

IS completely positive.
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Positive Maps in L( ") = M,

1. Ispositive and not completely positive if the
matrix B has at least one negative eigenvalue

2. Isnot completely positive if there isak2 N

n k n k

IS ot positive.
3. Isnot completely positive if there are two families

of operators D;;;i=1,2 NandGC;i=12 M in M,
suchthat can be decomposed as
XN X
(a) = D;i aDiy C aCiy

=1 i=1
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Positive and Copositive Maps
1.Amap :M,! M;,isk-positive if
Ik O
2.Amap :M,! M,isk-copositive if the map
"@= @)

IS k-positive _
3. Amap :M,! M,isk-decomposable if

(@ Icand (@) g

are positive for any matrix a2 M} with a' 2 M} > 0
4. Amap :Mp! M,iscompletely positive If is

k-positive for any k.
5., Amap :My! M,isdecomposable if it is
k-decomposable for any k.
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Separable Positive Maps

1. A positive decomposable map can be expressed
asthe sum of positive and copositive maps

X X!
(a) = Di aDiy + C al Ciy
=1 =1

2. In n=2 dimensions every positive map is
decomposable.

3. In higher dimensions positive maps which are not
decomposable are called atomic

1 0 1
311 d12 A3 11+ a2 a2 13

Chol %321 a2 azzg % dp1  dgpt a33 23 X

dg1 d32 dg3 ag2 dg3z T adig



Positive Maps as Entanglement Witness

1. A positive map which is not completely positive can
be obtained from unitary evolution a entangled
states of a composed system



Positive Maps as Entanglement Witness

1. A positive map which is not completely positive can
be obtained from unitary evolution a entangled
states of a composed system

2. Positive maps can be used as witness of
entanglement. A mixed state Is separable If

( 1) O

for any positive map [Horodecki]



Positive Maps as Entanglement Witness

1. A positive map which is not completely positive can
be obtained from unitary evolution a entangled
states of a composed system

2. Positive maps can be used as witness of
entanglement. A mixed state Is separable If

( 1) O

for any positive map [Horodecki]

Negative modes of Im are entangled states.
Separable States Completely Positive Maps
PPTStates Decomposable Maps

Entangled States Indecomposable Maps
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Composed StatesD( " ™M

Given a completely positive normalized map
D(™! D("); (m) = 1,it ispossible to associate
to any quantum state 2 D( ") acomposite state
2D( " ™ satisfying
VTr Ya 1,=Tr Ya

i) Tr Y1, b=Tr Y( Vb

where Y:D( ™! D( ™ isthe dual map of
1. First method

X
= k Mk K (k)
k

where we use the spectral decomposition of

X 1
- k Mk K, K — H |Pk .M = Tr |Pk [Ohya
P



Composed States D( " M)

2. Second method. Let n= mand a CPmap

Xn Xn
= &) =( 1In) § 62M, M,
ij=1 ij=1

De ne a Quantum Conditional Probability Operator
( ):(11:2 In) (11:2 In); 1=1Trp, >0
which satis es

( )>0 and Tro ( )= Iy

and nally the composed state

:(1:2 In) )(1:2 In)



Composed States D( " M)

The composed state Isa PPTIiff Iscompletely
positive.



Composed States D( " M)

The composed state Isa PPTiff iscompletely
positive.

The composed state Isa NPTIiff iscompletely
positive and k-completely copositive (k < n) provided
that rank = n



Composed States D( " M)

The composed state Isa PPTiff iscompletely
positive.

The composed state Isa NPTIiff iscompletely
positive and k-completely copositive (k < n) provided
that rank = n

Example: X

(& = G & ag + a
I
IS completely positive Iff

G O, 16] and  jg j+ ] O



Composed States D( " M)

The composed state Isa PPTiff iscompletely
positive.

The composed state Isa NPTIiff iscompletely
positive and k-completely copositive (k < n) provided
that rank = n

Example: X

(@ = G gag + a
I
IS completely positive iff
G 0 16] and G j+ j O
and completely copositive If
G+ 0 qg+G>2j 6]

GG % 6]
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SU(N) Examples

Gell-Mann basisof My 1; 2 S
1. The map

X 1 1
(a) = X Tra + - | Tra
=1

IS positive and copositive (jx | 1)

2. Let be amixed state in ": Owith Tr =1
(
¢ for =12 :n? 1
for = n?
X 1
xjc 1



SU(N) Examples

Let

) ' Tr ¥ for =1;2, :n?
J ¥ for

[
)
N



Let
g =

The following

respectively.

SU(N) Examples

Tr Y for =12 ;n? 1
forr = n?

maps are positive and copositive

2

X
() = x f Tr(ag)
=1
)(.'2
e(a) = X g Tr(af)
=1
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