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Quantum Maps and Quantum States

� Characterization of entanglement on composed
systems

� Only simple systems 2 
 2; 2 
 3 admit a
universal separability condition

� Positive Partial Transposition , Separability
� In general a PPTstate can be entangled
� Positive but not completely positive maps are

useful for the characterization of entangled
states

� There is a connection between positive maps and
quantum states of bipartite systems

� Classi�cation of positive maps
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Quantum States

1) Pure States: Rayson a Hilbert SpaceH

2) Mixed States: Density matrices on H

i) Hermiticity y =
ii) Positivity > 0
iii) Normalizable Tr = 1

Example:
= j >< j (pure state)

The set of density matrices D(H) is convex

= s 1 + (1 � s) 2

Pure states are extremal of D(H)
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Quantum Maps

1) For Pure States a projective Map: � : H ! H

2) For Mixed States: : L (H) ! L (H)

i) Preservesselfadjointness ( )y = ( )
ii) PreservesPositivity ( ) > 0
iii) PreservesNormalization Tr ( ) = 1
iv) PreservesLinearity

(s 1 + (1 � s) 2) = s ( 1) + (1 � s) ( 2)
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Positive and Completely Positive Maps

1) Positive Map : � : L (H) ! L (H)

i) Selfadjointness �(a)y = �(ay)
ii) Positive �(a) > 0 if a > 0
iii) Linear �(sa1 + r a2) = s �(a1) + r �(a2)

2) Completely Positive: : L (H) ! L (H)

iv) Complete Positivity

Ik 


is positive for any k 2 N
Any completely positive map is positive, but not any
positive map has to be completely positive

Example: Transposition map

(a) = aT
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Positive Maps in L ( n) = Mn

The hermitian product of Mn

(a; b) = Tr(ay b) 8a; b 2 Mn

Given a basis f f �; � = 1; 2� � � n2g in Mn such that

( f �; f � ) =
	

�

�

there is also a product in the space of maps

h �

1; �

2i =
n2

X
�= 1

Tr( �

1(f �)y �

2f �)
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Positive Maps in L ( n) = Mn

[Sudarshan, Mathews and Rau '60]

If ji > ; i = 1; 2; � � � n is a basis of
n
,

f � = eij = ji >< jj

1. A Matrix :

A 0 = Aij ;i0j0

8
><

>:

A�
ij ;i0j0 = Aji ;j0i0

Aij ;i0j0 i0j0 > 0
Aii ;i0j0 = i0j0

2. B Matrix :

B 0 = Bii 0;jj 0

8
><
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B�
ii 0;jj 0 = Bjj 0;ii 0

Bii 0;jj 0x�
i yi0xjy�

j0 > 0
Bii 0;ij 0 = i0j0
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Completely Positive Maps in L ( n) = Mn

1. � is completely positive if f the matrix B �

� is positive

2. is completely positive if f


 k :
n



k

!
n



k

is positive for any k.
3. is completely positive if there exist a family of
operators Di ; i = 1; 2� � � r in Mn such that can be
decomposed as

(a) =
NX

i= 1

Di aDy
i [ If N = 1; isextremal]

4. If = 1 
 2 2 Mn 
 Mm is a separable state the
unitary evolution map

Tr2U y U = U ( 1)

is completely positive.



Completely Positive Maps in L ( n) = Mn

1. � is completely positive if f the matrix B �

� is positive
2. � is completely positive if f

� 





k :
n



k

!
n



k

is positive for any k.

3. is completely positive if there exist a family of
operators Di ; i = 1; 2� � � r in Mn such that can be
decomposed as

(a) =
NX

i= 1

Di aDy
i [ If N = 1; isextremal]

4. If = 1 
 2 2 Mn 
 Mm is a separable state the
unitary evolution map

Tr2U y U = U ( 1)

is completely positive.



Completely Positive Maps in L ( n) = Mn

1. � is completely positive if f the matrix B �

� is positive
2. � is completely positive if f

� 





k :
n



k

!
n



k

is positive for any k.
3. � is completely positive if there exist a family of
operators Di ; i = 1; 2� � � r in Mn such that � can be
decomposed as

�(a) =
NX

i= 1

Di aDy
i [ If N = 1; � isextremal]

4. If = 1 
 2 2 Mn 
 Mm is a separable state the
unitary evolution map

Tr2U y U = U ( 1)

is completely positive.



Completely Positive Maps in L ( n) = Mn

1. � is completely positive if f the matrix B �

� is positive
2. � is completely positive if f

� 





k :
n



k

!
n



k

is positive for any k.
3. � is completely positive if there exist a family of
operators Di ; i = 1; 2� � � r in Mn such that � can be
decomposed as

�(a) =
NX

i= 1

Di aDy
i [ If N = 1; � isextremal]

4. If � = �

1 
 �

2 2 Mn 
 Mm is a separable state the
unitary evolution map

Tr2U y �U = �

U ( �

1)

is completely positive.



Positive Maps in L ( n) = Mn

1. � is positive and not completely positive if the
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Positive and Copositive Maps

1. A map � : Mn ! Mn is k-positive if

� 
 I k � 0

2. A map : Mn ! Mn is k-copositive if the map

T (a) = (aT )

is k-positive
3. A map : Mn ! Mn is k-decomposable if

(a) 
 Ik and (aT ) 
 Ik

are positive for any matrix a 2 M +
n with aT 2 M +

n > 0
4. A map : Mn ! Mn is completely positive if is
k-positive for any k.
5. A map : Mn ! Mn is decomposable if it is
k-decomposable for any k.
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Separable Positive Maps

1. A positive decomposable map � can be expressed
as the sum of positive and copositive maps

�(a) =
NX

i= 1

Di aDy
i +

MX

i= 1

Ci aT Cy
i

2. In n=2 dimensions every positive map is
decomposable.
3. In higher dimensions positive maps which are not
decomposable are called atomic

Choi

0

B
@

a11 a12 a13

a21 a22 a23

a31 a32 a33

1

C
A =

0

B
@

a11 + a22 � a12 � a13

� a21 a22 + a33 � a23

� a31 � a32 a33 + a11

1

C
A
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Positive Maps as Entanglement Witness

1. A positive map which is not completely positive can
be obtained from unitary evolution a entangled
states of a composed system

2. Positive maps can be used as witness of
entanglement: A mixed state is separable if

( 
 I ) � 0

for any positive map [Horodecki]

Negative modes of 
 Im are entangled states.

Separable States Completely Positive Maps
PPTStates Decomposable Maps
Entangled States Indecomposable Maps
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Quantum Maps and Composed States

� There is a one-to-one correspondence between
elements of Mn 
 Mm and linear maps from Mn into
Mm.

� This permits to stablish a correspondence between
quantum maps and quantum states of the
composite system n 
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 Mm ( ) 2 L (Mn)
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Composed States D( n 
 m)

Given a completely positive normalized map

� : D(

�m) ! D(

�n); �(Im) = In it is possible to associate
to any quantum state � 2 D(

�n) a composite state

�

�

 2 D(

�n 


�m) satisfying

i) Tr �

�y


 a 
 Im = Tr �y a

ii) Tr �

�y


 I n 
 b = Tr �y( �)y b

where �y : D(

�n) ! D(

�m) is the dual map of �
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where we use the spectral decomposition of �

� =
X

k
�

k mk

�

k;

�

k =
1

mk
IPk : mk = Tr IPk [Ohya]
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2. Second method. Let n = m and � a CPmap

�


 =
nX

ij= 1

�(eij ) 
 eij = ( � 
 I n)
nX

ij= 1

eij 
 eij 2 Mn 
 Mn

De�ne a Quantum Conditional Probability Operator

�


 ( �


 ) = ( �

� 1=2
1 
 In) �


 ( �

� 1=2
1 
 In); �

1 = Tr2

�


 > 0

which satis�es

�


 ( �


 ) > 0 and Tr2

�


 ( �


 ) = In

and �nally the composed state

�

�

 = ( �1=2 
 In) �


 ( �


 ) ( �1=2 
 In)
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� The composed state �

�

 is a PPTif f � is completely

positive.

� The composed state is a NPTif f is completely
positive and k-completely copositive (k < n) provided
that rank = n
� Example:

(a) =
X

ij

cij eij ae�
ij + a

is completely positive if f

cij � 0; i 6= j and jcii ij + j � 0

and completely copositive if

cii + � 0 : cij + cji > 2j j; i 6= j

cij cji � 2; i 6= j
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SU(N) Examples

Gell-Mann basis of Mn:

�

1;

�

2; � � � ;

�

n2� 1

1. The map

�(a) =
n2� 1X

�= 1

x �

�

� Tra

�

� +
1
n

I Tra

is positive and copositive (jx �j � 1)

2. Let be a mixed state in N : � 0 with Tr = 1

f =

(
for = 1; 2; � � � ; n2 � 1
for = n2

n2� 1X

= 1

jx j2 � 1

xn2 = 1
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1. The map

�(a) =
n2� 1X

�= 1

x �

�

� Tra

�

� +
1
n

I Tra

is positive and copositive (jx �j � 1)

2. Let � be a mixed state in
�N : � � 0 with Tr � = 1

f � =

(

�

� for � = 1; 2; � � � ; n2 � 1

� for � = n2

n2� 1X

�= 1

jx �j2 � 1

xn2 = 1



SU(N) Examples

Let

g � =

(

�

� � I Tr �y �

�; for � = 1; 2; � � � ; n2 � 1
I; for � = n2

The following maps are positive and copositive

(a) =
n2

X

= 1

x f Tr (ag )

e(a) =
n2

X

= 1

x g Tr (af )

respectively.
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Let

g � =

(

�

� � I Tr �y �

�; for � = 1; 2; � � � ; n2 � 1
I; for � = n2

The following maps are positive and copositive

�(a) =
n2

X

�= 1

x � f � Tr (ag �)

e�(a) =
n2

X
�= 1

x � g � Tr (af �)

respectively.
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