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“Histories” in quantum mechanics

I Born rule:

p(� ) = jh� jU(t)j	 ij 2

= Tr[P� (t)� ]

= Tr[P� (t)� P� (t)]
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“Histories” in quantum mechanics

I Born rule:

p(� ) = jh� jU(t)j	 ij 2

= Tr[P� (t)� ]

= Tr[P� (t)� P� (t)]

I Extension to many events:

p(� 1; : : : ; � n) = Tr[P� n (tn) � � � P� 1(t1)� P� 1(t1) � � � P� n(tn)]

= Tr(Cy
� � C� )

where C� = P� 1(t1) � � � P� n (tn) is called a history
(quantum analog of a trajectory)
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Sets of histories

I Projection operators come in sets:

P� P� = P� � ��
X

P� = I
X

p(� ) = 1

I So do histories:
X

C� = I
X

p(� ) = 1
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Decoherence of histories

I These probabilities don't obey Kolmogorov sum rule
I Let C� or � = C� + C� ; then

p(� or � ) = Tr(Cy
� or � � C� or � )

= p(� ) + p(� ) + 2 Re Tr(Cy
� � C� )

I Classical rules are obeyed iff �nal term ( interference
term) vanishes
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The decoherence functional

I I de�ne the decoherence functional by

D(�; � ) = Tr(Cy
� � C� )

I A set of histories obey classical rules of probability iff

Re D(�; � ) = p(� )� ��

which is called weak decoherence
I Stronger condition

D(�; � ) = p(� )� ��

is called medium decoherence
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What does it all mean?

I Decoherence (also called consistency) has been used
in a variety of ways:

I A means of thinking consistently about internal
dynamics of closed quantum system (Grif�ths)

I An ingredient in an interpretation of quantum
mechanics that elaborates on the Copenhagen
interpretation (Omn�es)

I Basis for quantum cosmology (Gell-Mann and Hartle)
I A precondition for classicality

I I will consider only the last item (no interpretation,
please–I'm happy with FAPP)
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Summing over an environment

I Most popular option is to separate the whole system
into a preferred subsystem and an environment

H = H S 
 H E

and consider only projections PS on subsystem
I The resulting decoherence is enhanced by the fact that

the preferred subsystem and environment interact
(hence the need for open systems theory)
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Some popular mechanisms

I Harmonic oscillators coupled linearly to oscillator baths
(Feynman and Vernon, Caldeira and Leggett)

I Caldeira and Leggett argue that such models are
actually quite generic

I Finite-dimensional quantum systems coupled to spin
baths (Prokof'ev and Stamp)

I Intended to represent low-energy dynamics of coupled
condensed matter systems

I Third-party decoherence
I Correlations are produced between subsystems by their

separate interactions with third subsystem

I These calculations rarely involve histories; instead they
solve master equations to show the diagonalization
over time of reduced density matrices
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Physical relevance

I Density matrices, reduced or not, always diagonalize
I Goal of reduced density matrix approach is to �nd

states in which density matrix stays diagonal over time
(e.g., “pointer states”)

I Sensible physical requirement: History decoherence in
general depends too sensitively on choice of events

I Do histories projecting onto such states decohere?



Histories in
QM

Decoherence

Meaning

Mechanisms

Histories vs.
reduced �

Open systems

Conclusions

Histories of interacting subsystems

I Consider the decoherence functional

D(�; � ) = Tr
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�
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Histories of interacting subsystems

I Consider the decoherence functional

D(�; � ) = Tr
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�

= TrS TrE
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�
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Histories of interacting subsystems

I Consider the decoherence functional

D(�; � ) = Tr
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�

= TrS TrE
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�

= TrS TrE
�
PS

� n
U(tn; tn� 1) � � � PS

� 1
U(t1; t0)� �

U(t0; t1)PS
� 1

� � � U(tn� 1; tn)PS
� n

�



Histories in
QM

Decoherence

Meaning

Mechanisms

Histories vs.
reduced �

Open systems

Conclusions

Histories of interacting subsystems

I Consider the decoherence functional

D(�; � ) = Tr
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�

= TrS TrE
�
PS

� n
(tn) � � � PS

� 1
(t1)� PS

� 1
(t1) � � � PS

� n
(tn)

�

= TrS TrE
�
PS

� n
U(tn; tn� 1) � � � PS

� 1
U(t1; t0)� �

U(t0; t1)PS
� 1

� � � U(tn� 1; tn)PS
� n

�

I This is not a function of TrE � (t), so how are reduced
density matrices relevant?
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Histories of open systems

I Suppose there exist operators M(t2; t1) such that

TrE[U(t2; t1)AU(t1; t2)] = M(t2; t1)f TrE Ag;

then

D(�; � ) = TrS
�
PS

� n
M(tn; tn� 1)

�
� � � PS

� 1
M(t1; t0)f TrE � g �

PS
� 1

� � �
	

PS
� n

�

I Now histories made of Schmidt states of TrE � will
exhibit decoherence

I But are there such operators in general?
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Theory of open systems

I If initial and �nal times are �xed, then

M(TrE A) = L(TrE A) + K

where

L(TrE A) = TrE

�
U

�
TrE A 


IE

dim H E

�
Uy

�

and

K = TrE

�
U

�
A � TrE A 


IE

dim H E

�
Uy

�

I But M(t2; t1) which de�ne a semigroup do not
necessarily exist (and forming a group is out of the
question)
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Theory of open systems

I Many authors jump to assumption that a master
equation that is Markovian, has Lindblad form, etc., is
obeyed

I But none of that is needed for decoherence
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Theory of open systems

I Many authors jump to assumption that a master
equation that is Markovian, has Lindblad form, etc., is
obeyed

I But none of that is needed for decoherence
I A study of decoherence functionals using results

reported above would give a more general picture of
decohering histories than a master equation
perspective does
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Theory of open systems

I Many authors jump to assumption that a master
equation that is Markovian, has Lindblad form, etc., is
obeyed

I But none of that is needed for decoherence
I A study of decoherence functionals using results

reported above would give a more general picture of
decohering histories than a master equation
perspective does

I “We want to simply describe the Schrodinger picture
before making approximations to it.” (Jordan, Shaji, and
Sudarshan 2006)
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Open systems and classicality

I Classicality is more than decoherence:
I Observables selected by dynamics, not our choices
I Resistant to environmental dephasing (while

superpositions aren't)
I Imprint highly redundantly on environment (so multiple

observers can see them)
I AND histories of these observables decohere

I All of these issues have been studied in a master
equation context and should be examined from the
perspective of general open systems theory
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Conclusions

I Histories of a quantum mechanical system
I Decoherence or consistency of histories
I Decoherence in open subsystems
I Histories vs. reduced density matrices
I Path forward �a la Jordan, Shaji, and Sudarshan
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