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Abstract

In this lecture we review the notion of an orbifold, the quotient of a manifold by the
action of a discrete symmetry group, as it is used in string theory and conformal field
theory. We discuss general features of orbifold CFT’s and construct simple examples
such as S'/Zy. We also consider orbifolds as realistic models for string theory com-
pactification spaces. In particular, we look at how supersymmetry is broken in such
compactifications

1 Introduction

Orbifolds arose in string theory out of a desire to find realistic models of compactifica-
tion that were still exactly solvable. The simplest model of compactification, namely
toroidal, is not very realistic since it leads to N = 4 supersymmetry when six of the ten
flat dimensions are compactified. More realistic compactifications on other manifolds
tend to be extremely complicated. Orbifolds provide a compactification scheme that
is both exactly solvable and far more realistic. Basically the idea is to start with a
toroidal theory and “twist” the boundary conditions in such a way that there is no net
charge corresponding to the broken symmetries on the worldsheet. We shall see that
modular invariance puts strong constraints on the manner in which this can be done.
Because orbifolds are exactly solvable free CFT’s one can make explicit calculations of
tree and loop level amplitudes in string theory.

Geometrically, an orbifold is a quotient space obtained by identify points in a man-
ifold under some discrete symmetry group. That is, let M be a manifold and G be a
discrete group with an action G x M — M. The quotient space, or orbifold, M /G is
defined as the space of equivalence classes under the relation

r=gx forallgeG (1)

We say that G acts freely if for all z € M, gr = z implies that g = 1. Free actions have
no fixed points, points for which gz = z, for any g € G where g # 1. If G acts freely
on M then the quotient space M /G will be a manifold. If G does not act freely (i.e.
some elements in G have fixed points) then M will fail to be a manifold at precisely the
fixed points of G. Such points are called orbifold singularities. It is these singularities
which distinguish orbifolds from ordinary manifolds (We consider manifolds as special
cases of orbifolds).



As a simple example consider the real line R under the action of the Zo group
generated by
g:x— —x (2)

The only fixed point of g is the point = 0. The orbifold, R/Zs is topologically the
half-line [0, 00). This space if locally homeomorphic to R everywhere expect the origin.

2 The Compactified Boson Revisited

The simplest example of an orbifold CFT is one with which we are already familiar:
the free boson compactified on a circle of radius R. Let M = R and let G = Z be the
group of translations generated by

xr—x+21R (3)
If we identify points in R under the action of Z we get the circle
S'=R/Z (4)

Note that in this case Z is freely acting and the orbifold S! is a smooth manifold. This
is just the toroidal compactification of the real line. Considering x(z, z) as a free scalar
field we can construct the associated compactified CFT. Consider the vertex operator

V(z,z) = exp(ik - x(z, 2)) (5)

which creates states of momentum k out of the vacuum in the free scalar field theory.
Since we are now identifying x = x 4+ 27 R we must have,

V =exp(ik - (x + 27R)) = exp(ik - x) (6)
which is only satisfied when
k= % mez (7)

So we see that the momentum must be quantized in units of 1/R in the compact theory.
Because of the geometry of the compact boson, we may consider fields that “wind”
around the circle n times

x (e%iz, C_QMZ) =ux(z,2) + 2mnR nez (8)
The need for the winding sectors can be seen from the point of view of modular
invariance. The partition function for a free boson

1
Zbos(T) = W (9)

will not be modular invariant unless we consider all possible momentum and winding
modes. The true partition function for the compactified boson is

o0
3 q3PL PR (10)
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where

m

R
The Hilbert space of the compactified theory is then built on the highest weight

states |m, n) of momentum m/R and winding nR/2. These states are created from the

vacuum by the vertex operators

1
PL,R = + §nR (11)

Vinn (2, 2) = :exp(iprar(z) + iprzr(Z)): (12)

The states |m,n) have conformal weights given by

1
LO ‘mv TL> = ip% |ma TL> (13&)
. 1
Lo lm,n) = Spklm,n) (13b)
where
1
Lo = Z O Oy, + ip% (14a)
m>0
= _ 1
Ly = Z TG T ip% (14b)
m>0

Arbitrary states built on |m,n) are of the form

N N
H H afmdfnj |m7 7’L> (15)
=1 j=1

We see that the Hilbert space of the compactified theory is much different from
that of the original theory. In the original theory, we could create states of arbitrary
momentum. Here momentum is quantized and modular invariance forces us to consider
states of nonzero winding. It turns out that these are general features of all orbifold
CFT’s.

3 Orbifold CFT’s

An orbifold CFT is built analogously to the geometric object. One starts with a given
modular invariant theory 7 that admits a discrete group of symmetries G consistent
with the operator algebra and then forms the “quotient” theory 7 /G. As we discuss
below, this will involve the projection onto G-invariant states as well as the introduction
of twisted sectors into the Hilbert space. Frequently in string theory, an orbifold CFT
will have a geometric interpretation as the quotient of a manifold by a discrete group
of symmetries, but this is not always the case.

For an orbifold CFT to be well-defined the states and fields of the theory must be
invariant under the group action. That is, elements of G must act like the identity in
the Hilbert space of the orbifold. In order to ensure this, one must project the states
and fields of the original theory 7 onto states that are invariant under G.



To construct the partition function Z7 g of the orbifold theory it is therefore nec-
essary to include the projection operator

=@ g%g (16)

into the trace over states. Here |G| means the order of the group G. In the Lagrangian
formulism the insertion of an element g into the trace corresponds to taking the fields
to be twisted by g in the time direction of the torus

P(z+7) = 9¢(2) (17)

With the insertion of the entire operator (16) into the trace, the partition function in
the Lagrangian formulism should then be given by

- 2 L] 1

geG

gl | (19)
h

we mean the path integral on the torus with fields satisfying boundary conditions
twisted by g in “time” and h in “space”

where by the box notation

¢(z+7) = g¢(2) (20a)
P(z+1) = ho(z) (20b)

for any g, h € G. It is not hard to see, however, that the partition function (18) is not
modular invariant. Under the modular transformation

at +b
ct+d

T —

(21)

fields twisted by g and h become twisted by g®h® and g°h¢ respectively (see Figure 1).

Figure 1: Spin structures on the torus under a modular transformation



That is, under the transformation (21)

gl | =g [ ] (22)
h gchd
at least up to a overall phase.

To ensure modular invariance, it is then necessary to introduce sectors twisted in
“space” by various elements of G.

¢(z+1) = ho(z) (23)

Such a field is not periodic in the original theory if ¢ and h¢ are distinct, but is
in the orbifold theory because of the identification. These additional sectors of the
orbifold theory are called twisted sectors. They are necessary for modular invariance.
Of course, in each twisted sector we must further project onto G-invariant states. The
entire partition function of the orbifold theory is then given by

1
Zric =5 ) gl | (24)
|G| g,heG h

Anomalous phases introduced by modular transformations can spoil the modular in-
variance of (24). We will return to this point later.

When G is nonabelian the path integral boundary conditions are inconsistent for
gh # hg and so the path integral vanishes. The sum in (24) can then be restricted to
the case gh = hg. Note that if ¢ is in the sector twisted by ¢

¢(z +1) = go(2) (25)

then under the action of h

he(z +1) = hgd(2) = (hgh™ )he(2) (26)

and so h¢ is in the sector twisted by hgh~!'. Thus, under the action of the group G
twisted sectors in a given conjugacy class mix. For nonabelian orbifolds the independent
twisted sectors are labeled not by the elements of G but by the conjugacy classes of G.

4 S'/7, Orbifold

We will now consider another simple example which will illustrate in greater detail the
procedure outlined above. We will take the compactified boson, topologically S*, and
identify under a Zy group action generated by

g: T — —x (27)

There are two fixed points at = 0 and z = wR. The orbifold S!/Z,, depicted in Figure
2, is topologically the unit interval [0, 1] with the two fixed points corresponding to the
endpoints of the interval.

The orbifold CFT will have both a untwisted sector and a sector twisted by g.
States in the twisted sector are those for which

(o1 +2m) = —x(07) (28)
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Figure 2: The orbifold S'/Z,

and so can be thought of as antiperiodic bosons. However, in the orbifold theory the
twisted boundary condition is actually a periodicity condition since the points x and
—x are identified.

In both the untwisted and twisted sectors we need to project onto g-invariant states.
To do this we need to know how states transform under the action of g. Consider first
the mode expansion of the U(1) current j(z) = i0x(2)

i0z(z) = Z a1 (29)

n=—oo

We see that under x — —z the mode operators transform as
ay — —Qp, (30a)
Similarly, from the mode expansion of i0z(z) we obtain
ay — —an, (30D)
To determine how |m,n) transforms under g we note that
|m,n) = Vinn |0,0) (31)

Equation (12) for the vertex operators shows that under  — —z both py, and pr go to
minus themselves (this can also be seen by noting that p; = ag and pr = &p). From
(11) then we see that under x — —x

|m,n) — |—m, —n) (32)

We can explicitly verify the modular invariance of the Zy orbifold by writing down
the partition function. Since there are only two elements in the orbifold group we have

Zorb(R):;<+D+—D++D+—D) (33)
T T - -

where (+) corresponds to the identity and (—) to ¢g. In the operator formulism the sum
over boundary conditions in time corresponds to the insertion of a projection operator
into the trace over states. In other words,

_ 1 7 N 1 7
Zown(R) = (q@) ™/** tr(y 5 (1+9)d"°a" + (qq) VP S +g)aog™  (34)
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where tr(4) is the trace in the untwisted and twisted sectors respectively. To compute
these traces we must further decompose the Hilbert space into sectors with g = +1
eigenvalues. We denote the untwisted sector by H () and the twisted sector by H_).
In the untwisted sector, from (30) and (32) we have

H(—:) = {a—nl e a—ne@—ne+1 e O_é—n% (‘m7 n> =+ ‘_m? _77‘))}
+ {a—n1 T Qe Oy Qg g (Im,n) —[—m, _n>)} (35a)
H(l) = {O‘*m Qe Oy Qg (|m, n> + |_m’ _n>)}
+ {O‘*nl Qe Qg Oy, (m,n) — [-m, _n>)} (35b)
where n; € ZT.

In the twisted sector the antiperiodicity of z implies half-integer moding of the a’s
and a’s. Thus, to obtain states which are single-valued we introduce the twist operators
o1,2. These twist operators have conformal dimension (%, %) and the following OPE’s
with the primary fields,

8z(2)o12(w, @) ~ (2 — w) V27 o(w, W) (36a)
9x(2)01 2(w, @) ~ (2 — @) V27 o(w, @) (36b)

The 712 and 712 are excited twist operators with conformal dimensions

9 1 . 1 9
T1,2 — (16’ 16> T1,2 — (16’ 16) (37)

The states identified with 71 2(0) [0) and 71 2(0) |0) can be written as a_y/; s, %>1’2
and a_q /o ‘%, %6>172 respectively. The two twist operators correspond to the two ways
in which the action gx = —x can be realized. We can have x — —x or z — 27w —xz. Each
realization is implemented by a different twist operator. In a general orbifold theory
we will have twist fields localized near each of the fixed points of the orbifold. States in
the twisted sector of an orbifold theory are built from the twisted ground states. These
twisted ground states can be constructed by operating on the true vacuum with a twist
operator as shown above. Thus, the twisted sector of the Hilbert space decomposes
into the following subspaces

HE ) = {a,nl Oy g Gy | s %>1’2} (38a)
HEy = o 0in @i, G, [ ), ) (38D)
where now n; € (Z + %)+

The partition function then can be written as the sum of the trace of states in g = 1
eigensubspaces of both the twisted and untwisted sectors:

Zo () = (@) by G5+ (q) Py qPoghe (39)
We begin by computing the trace first in the untwisted sector:
= s L 1 I
(qq) /> trygs q"00" = (qq) Ve S (14 g)g" g™

. 1 7. F 1 I
= (@)™ [tr(y) 570" + try 59g"0 " (40)



Now, since the trace of a direct product of operators satisfies
tr®Mi = HtI‘MZ‘ (41)
i i

we can decouple the left and right moving modes. Thus we consider tr(4,) ¢ and
try) gq™° separately. The treatment for the antiholomorphic component is identical
with the replacement ¢ — . Now

tr(4) g™ = tr(y) gr o konarE

= (H tI'(_,_) qOé—kak) tI'(_,_) q%p% (42)
k=1

where again we have used the fact that the traces factor for a direct product of matrices
acting on different spaces. The first term in the factor we will evaluate is

I tre g+ (43)
k=1

Due to the commutation relations between mode operators,

[, Q| = NOptm 0 (44)

only states of the form (a_)"|m,n) contribute for each value of k in the infinite
product. We then have

[Teea o =0+ ++) =] == (45)
n=1 n=1

n=1

Comparison with the Dedekind n-function shows that

[T trcoa e =12
oot n(q)

1/24

(46)

Summing over all values of momentum and winding and then multiplying by the cor-
responding right-moving factors leads to the following

0o
(qé)fl/% tI'(Jr) %qLoqLO = %i, Z q%p%(m:n)q%p%(m,n) <47)
m m,n=—o00

where as before )
9 m  nR
PL,R(”% n) = R + 9
Now we need to compute the trace with g inserted:
1 :
tr(+) iquO qLO

We follow a similar treatment here as in the trace without g inserted by considering
the holomorphic piece

tr(s) 9¢"°
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From the decomposition of H(y) into sectors with eigenvalues g = +1 we see that at
each level there are states built on

[m,n) +|=m, —n)

and
|m,n) — |—m, —n)

with the same Lg eigenvalues but opposite eigenvalues under g. Thus they cancel and
so only states built on the vacuum |0,0) contribute. The sum over m,n collapses and

since
p7r10,0) =0 (49)
we have
oo oo
trp) ggn @ = try g [T e = T trey 99* " (50)
n=1 n=1
Since
g:a_p — —a_p (51)

we have a factor of —1 for each contribution with states built with an odd number of
mode operators and +1 for states built on an even number. Thus

[ee] o0
1
tr(+)quo:H(l_qn+q2n_q3n+...):H - (52)
1+4¢
n=1 n=1
giving
- [, (gq) /> n
1/24 . oeLoglo — = _ | 53
)| DI DR 53)
Finally, the total trace over states in the untwisted sector is
- I N 1 N,
(90)™"* trype q™0q™ = (q0)™* tr gy 51+ g)g™0q™
oo
= li_ Z qépiq%ﬁz + ‘77
2 m m,n=—o0 192
1
§ZcirC(R) + ‘1;72 (54)

where Zc(R) is simply the partition function for the compactified boson.
Now we need to calculate the trace over states in the twisted sector of the theory:

(1+ g)g=oghe (55)

DN |

(aq)" trpgs q™0q™ = (g7 oy
We proceed as before, calculating separately tr(_) ¢ and tr(y gq"°. We have

tr(i) qLO — tr(i) qzn>0 a_nan+£
=q¢'/*® H tr_yg®en 50

n>0



where n € (Z + %)Jr Calculating the trace inside the product we find

) g0 = ¢/48 H (1 4 g(/2m 4 g 32n )
nE(ZJr%)Jr

_1/48 S V2T
q H (1 _q =4 H — g 1/2 (57)
nE(Z—i—%)

This is the contribution from states built on ‘%6, %>1. There is an identical contribution
from states built on ‘1—16, 1—16>2. Thus

1 1 G 1
—1/24 LogLo — 9 . —\—1/48
n
=|— 58
;- (58)
Performing a similar calculation for the trace with ¢g inserted we obtain
1 1 s 1
_\—1/24 Lo — 9. _\—1/48
(q2) "/ * tr(o) 599G 5(aq) l1(1+q"1”X1+T1”%
n
=|— 59
i (59)

where again the factor of two comes from the fact that we get two identical contributions
to the trace from the two vacua {%, 1—16>1 ,- The total trace over states in the twisted
sector is then

_ 7 NS 1
(m)”%Umgq“¢°=@®1ﬂ%u4§ﬂ+g) gro
n n

Combining (54) and (60) we can write the entire partition function for the orbifold
theory as

1 n Ul U]
Zor R) = *Zcirc R e - - 61
W) = 5 ZaneR) + | 4|1+ | 2 (61)
Using the ¥-function identity
192193194 = 2773 (62)
we can rewrite this as
1 V30 VYot) Yol
Zow(R) = © <Zcirc(R)+ | 374\ L | 273\ n | 24\) (63)
2 nn nn nn

It is straightforward to verify that this partition function is modular invariant using
the modular transformation properties of the ¢ and n functions.
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5 Orbifolding the String

We now consider the construction of a string theory by orbifolding ten dimensional flat
spacetime. That is, we will consider the propagation of strings on a quotient of R%! by
a discrete group of symmetries G. In general, G will not act freely and so the orbifold
will contain singularities corresponding to the fixed points of G. One might think that
string theory on such a space would not be well-defined. However it turns out that in
most cases the correlation functions of the associated CFT are all finite and so strings
actually propagate smoothly on these spaces.

5.1 Orbifold Groups

The most natural way in which to construct a spacetime orbifold is to choose for
the symmetry group some discrete subgroup S of the full Poincaré group in 9 + 1
dimensions. An element g of the Poincaré group

g=(4A,a) €0(9,1) x R%! (64)
acts on R%! by first rotating by A then translating by a
y g by g by
gr =Azr +a (65)
Multiplication and inversion in the Poincaré group are given by
(A,a)(A' d") = (AA', Ad' + a) (66a)
(4,0 = (471, —470a) (66b)
It is easy to check that the subgroup of pure translations forms a normal subgroup:
(A, d)(1,a)(A,a)"t = (1,A'a) (67)

If we want a theory with d extended spacetime dimensions the orbifold group S
should lie in the O(n) x R™ subgroup of the full Poincaré group that acts trivially on
the first d = 10 — n coordinates. This gives

R%1/S =RI"L x K (68)

where K is the compact orbifold
K =R"/S (69)

formed by the action of S on the remaining n coordinates. Because S is discrete we
can write it as

S=PxA (70)

where P is a discrete subgroup of O(n) and A and discrete subgroup of R™. If K is to
be compact A should be a n-dimensional lattice Z™ in R™. Note that P cannot be an
arbitrary discrete subgroup of O(n), as it must act crystallographically on A. That is

Aa € A (71)
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for all A € P and all a € A. This is simply a statement that multiplication in S be
closed. Borrowing terminology from crystallography we call S the space group and P
the point group.
If the point group P is trivial then S = A acts freely and the compact space K is
simply an n-torus:
K=R"/7"=T" (72)

Toroidal compactification is then included as a special case of an orbifold theory. What-
ever the group P, the group of translations A is a normal subgroup of .S and the quotient

group

P=S/A (73)
is isomorphic to P. Note that the group P has a well-defined action on the torus T™.
That is, if two elements of S differ only by a lattice shift (so that they are equivalent
in P) then their action on two elements identified in T™ again differs only by a lattice
shift and so leads to the same point in T™. This observation leads to two different ways

of describing the orbifold K. One can either start with R™ and quotient by the full
space group S or first form the torus T™ and then quotient by the group P

R /A
S/A

K=R"/S = ~T"/P (74)
The latter method is especially advantageous if the point group P is abelian. In that
case one need only use the methods of abelian orbifolds (the translation group A is
always abelian). If instead one wanted to quotient by the entire space group in one
step, one would have to consider nonabelian orbifolds as the group P x A is generally
nonabelian even for abelian P and A. Thus we call the orbifold K abelian or nonabelian
according to whether the point group P is abelian or nonabelian.

So far we have describe the action of the group S on the bosonic coordinates x*.
For the superstring we must also describe the action of the group on the fermionic co-
ordinates 9*. In order to preserve worldsheet supersymmetry the twist must commute
with the supercurrent

G=—9Y-0x (75)
This implies that for g = (4, a) € S must have

(gy)t = AF Y (76)

and likewise for the right movers. Note that the translations do not affect the spacetime
fermions.

The space groups and point groups up to n = 4 have been completely classified.
The 32 point groups and 230 space groups of the n = 3 case have been long studied
in connection with crystallography. The case of real interest in string theory, however,
is n = 6, for which the space groups have not been classified. We shall see later on,
though, that if we are to preserve some supersymmetry and avoid tachyons in the
theory we should restrict our choice of point group to those lying in a SU(3) subgroup
of the full O(6).

12



5.2 The Hilbert Space

To construct the Hilbert space of the string orbifold theory we must project onto G-
invariant states and introduce sectors twisted by various elements of G:

x(o1 + 2m) = gz(oq) (77)

From the point of view of string theory the twisted sectors are necessary not only
to preserve modular invariance but also because twisted strings can be produced in
interactions of untwisted strings.

As discussed above we can construct the orbifold theory by first performing a
toroidal compactification and then dividing by the action of the point group P. The
toroidal compactification is obtained by starting with R™ and identifying points under
the discrete translation group A = Z"™. The projection onto Z™-invariant states requires
that the eigenvalues of the momentum operator take values in the dual lattice:

ke A (78)

Only for those values of k will the vertex operator e’** be well-defined. The twisted
sectors of this theory are just the usual winding sectors in which the string wraps
around the various compact dimensions of the torus.

One then proceeds to construct the full orbifold theory by further projecting onto
P-invariant states and introducing sectors twisted by elements of P. Since P is a
discrete subgroup of O(n) each element A € P will have finite order N

AN =1 (79)

Hence the eigenvalues of A will be Nth roots of unity. In the sector twisted by A the
oscillators will not be moded as in the untwisted sector but rather will have their mode
numbers shifted by some
¢Z - N
Let us take the case of n = 6 for concreteness. For an arbitrary A € P we can
always choose the axes so that A is of the form

0<r <N (80)

A= exp [27ri(¢2J45 + ¢3J67 + ¢4J89)] (81)

In considering the sector twisted by A it is convenient to introduce complex spacetime
coordinates. We are already familiar with the notion of complex (Weyl) fermions.
Complex bosons are defined in an analogous manner:

A 1 , .
ZZ —_ 1,27, + i$22+1 82
75 ) (52)
where ¢ runs over 1, .. ., 4 covering the transverse modes of the string. We take the same

basis for the complex fermionic coordinates. In the sector twisted by A the periodicity
condition (77) takes the form

ZY o 42m) =i 7o)  i=2,3,4 (83)
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In this sector the oscillators are moded as

alin €T+ ¢ al:n€Z— ¢ (84a)
i €T+ ¢ Giir €L — ¢ (R) (84b)
reZ+¢i+ 3 reZ—¢;+i (NS) (84c)

The quanta of the conjugate fields (Z%)! and (/") have the opposite mode numbers
(—¢; in place of ¢; and so on).

In order for a string in a sector twisted by A to have a massless state it must be
capable of shrinking to zero size. The twisting condition (77) shows that this will only
be possible if the string is localized around one of the fixed points of A. In other words
the center-of-mass coordinate of the string can only lie at one of the fixed points. In
each twisted sector there will be further subsectors built upon the separate fixed points.
As these subsectors are related by obvious symmetries of the underlying torus they will
have isomorphic spectrums. Twisted sectors that have no fixed points cannot have any
massless states. For example, in toroidal compactification the nonzero winding sectors
are free of fixed points and so there are no massless states with nonzero winding (at
least for generic values of the torus radii).

We have seen that modular invariance in an orbifold theory requires the introduction
of the twisted sectors as well as projection onto G-invariant states. The resulting sum

over path integral sectors
1
Zorb = 17 > 9] (85)
g,heG h

is naively modular invariant. However, this modular invariance can be spoiled by
anomalous phases in the path integral under 7 — 7+ 1. Such phases are determined
by the level mismatch Lo — Lo (mod 1). Only for left-right symmetric theories do the
phases automatically cancel. For asymmetric theories, in particular for the heterotic
string, one can derive a set of conditions to ensure the level matching of states in the
various twisted sectors of the theory. As we will only be considering symmetric theories
we will not derive these conditions here, but instead refer the interested reader to [2]
or [7]. We should also mention that for abelian orbifolds it has been shown that level
mismatch is the only potential obstruction to modular invariance.

5.3 Supersymmetry

To see how an orbifold breaks supersymmetry we need to look at the action of the
orbifold group on the supercharges Q,. We first consider the case where the point
group is cyclic, P = Zy. Let A be a generator of P. We can choose the axes so that A
is of the form (81). The point of taking the group P to be cyclic is so that any states
invariant under the generator A will be invariant under the entire group. Under the
rotation A the supercharges transform as

Qo — D(A)agQﬂ (86)

where D(A) is the spinor representation of A. This can be written in the s-basis as

Qs — exp(2mis - ¢)Qs (87)
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where ¢ = (0, ¢2, ¢3, ¢4) and the components of s = (s1, 2, S3, 54) run over all combi-
nations of :l:%. Only those charges for which s - ¢ = 0 will survive the projection. This
condition will be satisfied only if

tPr £ g3t s =0 (88)

for some choice of signs. We can assume, without loss of generality, that the signs are
all positive
G2+ ¢33+ P4 =0 (89)

as other choices give equivalent physics. When (89) is satisfied there will be four
unbroken supersymmetries corresponding to s; = :t% and so = s3 = s4 = :l:%. This
gives an unbroken N = 1 supersymmetry in d = 4. The stricter condition

G2+ P3=¢1=0 (90)

gives an unbroken N = 2 supersymmetry. Taking all ¢;’s to be 0 is equivalent to
toroidal compactification with unbroken N = 4 supersymmetry.

We note that because A takes the complex coordinates Z* into linear combinations
of themselves, the point group P lies in a U(3) subgroup of SO(6). Furthermore,
condition (89) is equivalent to the condition that the generator of A (as an element
of U(3)) be traceless, or in other words that A actually lie in an SU(3) subgroup.
This suggests that the condition for an arbitrary point group P to preserve an N =1
supersymmetry is that in lie in an SU(3) subgroup of SO(6). Indeed, under

SO(9,1) — SO(3,1) x SO(6) (91)

the spinor 16 of SO(9,1) decomposes as

16 — (2,4) ® (2,4) (92)
Decomposing further
SO(6) — SU(3) (93)
we get
16 — (2,3) @ (2,1) @ (2,3) @ (2,1) (94)

Hence, with P C SU(3) the generators (2,1) and (2, 1) survive the orbifold projection
and the four dimensional theory will have an unbroken N = 1 supersymmetry. Like-
wise, condition (90) is equivalent to having P lie in an SU(2) subgroup and leaving an
unbroken N = 2 supersymmetry.

The orbifold groups of real interest in string theory then are those with point groups
in SU(3). The discrete subgroups of SU(3), unlike those of O(6), have in fact been com-
pletely classified. Restricting to those discrete subgroups which act crystallographically
gives a finite number of possibilities. If one is not interested in preserving any super-
symmetry one need not choose one of these point groups. However, almost all choices
of groups not in SU(3) will give rise to tachyons in some twisted sector. There are a
few exceptions, as noted in [2].
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5.4 The Heterotic String

In the heterotic string we may choose to have orbifold group act of the gauge degrees of
freedom as well. Unlike for the spacetime fermions, it is possible to have the translations
A act on the gauge fermions. Choosing an action for A on the gauge degrees of freedom
means associating a gauge transformation with a translation around a closed loop in T™.
In other words, choosing a set of Wilson lines for the n generators of the fundamental
group of the torus.

For the point group P the simplest thing to do is to simply embed P in an O(6)
subgroup of a single Eg of the full Eg x Eg gauge group. This is referred to as embedding
the spin connection in the gauge connection. For example, if we represent Eg as 16
Majorana-Weyl fermions transforming as the 16 of O(16), then we can just take an
O(6) subgroup of O(16) under which the 16 transforms as a 6 plus singlets. Or in
the case that P actually lies in SU(3) subgroup of O(6) we represent Eg as 8 Weyl
fermions transforming as the 8 of U(8) and take an SU(3) subgroup under which the
8 transforms as a 3 plus singlets. One advantage of this standard choice is that the
level matching conditions are automatically satisfied.

If the point group P lies in an SU(3) subgroup of O(6) it is useful to know how the
adjoint representation of Eg decomposes. Under

Egs — SU(?)) X Eg (95)
we have
248 — (8,1) & (1,78) & (3,27) & (3,27) (96)

This information is useful for construction the massless spectrum of the orbifold theory.
Choices of than the standard one are possible, but there are associated complications.
These are discussed in both [2] and [7].

5.5 Example: T%/Z;

We construct here a simple example of an n = 6 orbifold on which to compactify the
string. Using the complex coordinates defined in (82) we define a Zy lattice in each of
the three complex planes via the generators

ti: 7' - Z'+ R; (97a)
ui: 70— 7' + 2" R, (97b)
Dividing by this lattice gives the 6-torus T¢ = C3/Z°% = (C/Z?)3. One T? component

is shown in Figure 3.
We then take the orbifold point group to be the Zs group generated by

o 78— it gl (98)
where
pa=¢3=73 ¢1=—3 (99)

It is not hard to verify that the rotation (98) is a symmetry of the tori defined in (97).
This is most easily seen by tiling C with equilateral triangles of side length R; or by
observing that

o=

emi/3 _ o2mif3 4 g (100)
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Figure 3: The torus T?

The action of a on a single T? is shown in Figure 4. The fundamental region of this
action can be taken to be the region shaded in grey. It is easy to see that for a given ¢
there are three fixed points of the action:

g

A= %ei”/‘ﬁm ni=0,1,2 (101)

By sewing together the edges of the fundamental region of T?/Zs3 one sees that this
orbifold is topologically a 2-sphere. It fails to be a manifold at the three conical
singularities, around each of which the holonomy group is Zsz. The action of a on the
entire T® will have 3% = 27 fixed points corresponding to each Z' satisfying (101).
The orbifold T®/Z3 will have two twisted sectors (those twisted by a and a~!), and in
each twisted sector there will be 27 subsectors corresponding to expansions about the
various fixed points. These subsectors have isomorphic spectra.

Note that the ¢; in (99) are chosen so as to satisfy (89). So the Zs3 point group lies
in an SU(3) rotation subgroup and leaves an unbroken N = 1 supersymmetry.

Figure 4: The action of o on T?
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6 Summary

We have seen how to construct an orbifold theory from a free CFT via the action of a
discrete group of symmetries. The basic procedure is to introduce sectors with twisted
boundary conditions and then to project onto G-invariant states in all sectors. Orb-
ifolds enlarge the set of exactly solvable free CFT’s. We have also seen how we might
use orbifolds as models for realistic compactifications of the superstring. Specifically,
we have seen an example of compactification on a orbifold that preserves an N = 1
supersymmetry in four spacetime dimensions.

Besides the applications we have seen, orbifolds crop up in other places of string
theory as well. The moduli space of certain smooth compactifications have special
points that are described by orbifold CFT’s. One can even think of the RNS formulation
of the superstring as an orbifold theory: One starts by taking, in addition to the
normal bosonic coordinates, fermionic coordinates * whose transverse components
transform as an 8, of SO(8). In the NS sector the i* obey antiperiodic boundary
conditions. The spectrum contains a tachyon, massless vector and so on. One then
considers the Zs group generated by the operator (—1)f which anticommutes with
the fermionic coordinates and commutes with the bosonic ones. The projection onto
(—=1)F invariant states, known as the GSO projection, removes the tachyon and other
half-integer excitations and ensures a supersymmetric spectrum. Furthermore, one is
forced to introduce the twisted, or Ramond, sector in which fermions are periodic.
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