STRING THEORY

PHY 396P/Q

Department of Physics
The Unwersity of Texas at Austin

Lecture notes from Jacques Distler’s string theory course taken
by Jeff Olson during the 2001/2002 academic year. These notes

are very incomplete and probably widely inaccurate. Use at your
own risk.

Last updated: December 6, 2003



Contents

(1__Introduction|

2_The Free Particlel

[3 The Bosonic String]

[4 The Superstring]

4.1 Majorana Fermions in d = 2 Dimensions| . . . . . . . . .. .. ... .....
M2 The Actionl . . . . . . . o
[> Conformal Field Theory|
b.1  Correlation Functionsf. . . . . . . . . . . . .. L
[>.1.1 States and Operators| . . . . . . . . . . .. . . ... .. ... ... .
[b.1.2  The 3-point Function| . . . . . . . . . ... ... ... ...
[>.1.3  The 4-point Function| . . . . . . . ... ... ... oL
.2 Examples . . .. ...
b.2.1 Free Massless Scalar Fieldl . . . . .. ... ... ... ... .. ....
[>.2.2  Free Massless Majorana Fermions| . . . . . . . . ... ... ... ...
[>.3 Representations ot the Virasoro Algebral . . . . . . . ... ... ... ....
3.1 The Kac Formulal . . . . . .. .. . oo
[>.4 The Ising Modell. . . . . . . . ... ...
Is[il 1'1 I Ilgz I gzlll I g!illl I !lllgzl ‘1!211] -------------------------
[>.5 Current Algebras| . . . . . . . . .. ...
[(.5.1 Example: SUR(2)] . . . . .. ...
£52 The Free Bosonona Circlel . . . . . . ... ... ... ...
[>.6  Ghost Systems| . . . . . .. ..
b.6.1  Weyl Fermion| . . . . . . .. ... ...
b.6.2 bcGhostd . . . . ..




1 Introduction

String theory began as a theory of strong interactions prior to QCD. In 1968 Veneziano
postulated a beta function form for the scattering amplitude of the strong interaction. Gen-
eralizations of this formula were developed and went by the name of dual resonance models.
Later these models were recognized as describing the dynamics of a relativistic string. Two
different kinds of strings were studied: open strings, which had two freely moving ends, and
closed strings, which formed closed loops.

open string
lowest mode pion m? <0

first excited mode vector boson m =10

(spin-1)
closed string
lowest mode pomeron m? < 0
first excited mode spin-2 m =0

If strings were to describe the strong interaction their tension had to be of the order of the

energy scale squared.
T = Tension ~ (1 GeV)?

It was found that these dual resonance models worked correctly only in 26 or 10 spacetime
dimensions. This and other problems led researches to all but abandon the theory when
QCD came along.

In 1974 and 1975, however, some noted that the presence of a massless spin-2 mode of
the closed string together with the extra dimensions suggested the theory could make sense
as a unified theory of quantum gravity. In this context the string tension would be on the
order of the Planck energy squared.

T ~ (19 GeV)?

2 The Free Particle

Before studying string theory itself we will review the “simplest” of all possible physical
systems: the free particle. The action associated to the worldline of a massive particle in D
dimensional Minkowski spacetime can be chosen to be proportional to its invariant length:

s—m [ iry/=5i (1)

where
dzt

Codr

j:#
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and 7 is some parameterization of the worldline. Note that we are using the metric signature
(_7+7+7"' 7+)
The problem with this action is that it is nonlinear and hard to quantize.

0L —ma,,
T

The difficulties with this are the facts that we are

e unable to solve for the velocities, z#

e restricted by the mass shell constraint

pupt = —m?

The origins of these difficulties is a gauge-invariance in the action

T f(7)

In other words, the length of a worldline is independent of the parameterization. The classical
equation of motion
P, =0 pu = const

has the solution »
z, (1) = x,(0) + #f(T)

for arbitrary f(7).
There are two primary ways of coping with these difficulties: the covariant method and
the non-covariant method.

2.1 The Covariant Method

The basic idea here is to

1. Ignore the constraint and use standard Poisson brackets
{py,xﬂ} == _5Vu
HO = pujj"u' —L=0

2. Impose the constraint
pr+m?~0

on physical states



Hy is classically equivalent to
e(t
H = Hy+ %(p2 +m?)

where e(7) is a Lagrange multiplier.
The Lagrangian in the first order formulism is

) e
Ly =pua" — 5(192 +m?)

Sy = /dT [puzt“ - g(p2 + mz)}

Note that the dependence on p is Gaussian so we can integrate it out. This gives the second

order action L /1
SQ = /d’/'§ (EZ’MZ’M — m2e) (2)

This is classically equivalent to our original action . This can be seen by plugging in the

equation of motion for e
1

e=—\/—&,i"
m M

However, the action given by is a bit more general since we can now let m — 0. Gauge
invariance is now

T f(7)

e

f(r)

€

2.1.1 Constrained Mechanics

Consider a phase space M with constraints ¢; = 0 for ¢ = 1,..., k. We wish to obtain the
constrained dynamics. Consider the subspace of M,

M ={¢; =0}
Observables are defined module ¢;
A~ A+ fi & on M/’

Note that in general, M’ is not a symplectic manifold (it is not even necessarily even dimen-
sional). Also, we cannot just set ¢; = 0 and forget about them.

{¢i, -} nontrivial

That is to say, the equivalence relation is not necessarily preserved by the Poisson brackets.
There are three primary subcases to consider



1. First class constraint.

{pi, p;} ~ 0 (vanishes on M)
{0i, H} ~ 0

In other words, time evolution keeps you on M’. We now identify points in M’ which
lie along the same flow line.

M = M'[{¢;, -}
M is called the space of leaves of foliation generated by {¢;, -}. Note
dim M’ = dim M — k
dim M = dim M — 2k

In particular, M is even dimensional. Now, if A and B are constant along flows,

then we have

and { , } descends to a Poisson bracket on M.

2. Second class constraint.
{#i, b5} ~ Sij
where S;; is a nondegenerate antisymmetric matrix-valued function of M’. Here, {¢;, -}

does not leave you on M’. We need to modify the symplectic structure to project back
onto M’. Let us define the Dirac bracket,

{Av B}D = {A> B} o {A? ¢1} (Sil)ij {¢j’ B}
Now the flow generated by {¢;, -} leaves you on M'.
{¢i 0} p =0

If
{0s, HY, =i 0

then add these v); as secondary constraints. We thus obtain a new symplectic manifold
(M. bn) = M/ {61)

3. Mized first and second class constraints.

Here one can attempt to add degrees of freedom to make it totally first or second class
or failing that, just give up.



2.1.2 Covariant Quantization

Returning to the action ([2)

The canonical momentum are

pu_lx'u
e
=20

where 7 is the momentum conjugate to e. m = 0 is then a primary constraint.

1
H= §e(p2 +m?) module constraint

So we have the secondary constraint
L 2
{H,x} = 5 +m?)
=0

The complete constraints are then all first class:

{w, %(p2 + m2)} =0
(r,HY =0

{%@%Hﬁxﬂ}:o

Now partial gauge-fix on the flow {,-} by setting e = 1. We can then forget about e
and 7 so that the dynamical variables are

2 and p, =1,

with the single first class constraint
p’+m’=0
In the quantum theory we replace p,, with the operator

P =i

A state is a function ®(x) and the constraint is
(-O0+m*)® =0

which is just the familiar Klein-Gordon equation.



2.2 The Noncovariant Method

The most natural gauge would be
=T
P’ = Vpipt +m?

however this is somewhat inconvenient because of the square root. Instead we choose light-
cone gauge. Let,

ot = %(1’0 + 2
Then break up A* into AT, A~ and the transverse d — 2 vector A. The inner product is then
A-B=-A"B"-A"B"+A-B
This corresponds to the metric
Ne— =n-+ =—1, My =0y

Our light cone gauge choice is then

The constraints are

o+
¢1 = F — T r~ 0
L, 2
O = §(p +m?)
1
= 5(=2p"p" + P+ m*) ~ 0
We have
{[E+,p_} = 77+_ =—1
{¢17¢2} =1

and so these constraints are second class,

0 1
Recall that the Dirac bracket is defined as

{A7 B}D = {A’ B} - {A:¢z} (S_l)ij {qu,B}



Explicitly,
(o0}, = (o} = 09

{7y = {77} = -1
_ _ _ D
{I‘ P }D = - {I' 7¢2} {(blap } = E
i - pi
{x P }D - F
{I_,Z'i}D - - {x_7¢1} (5_1)12 {¢27$i}
xt :
“ Y
oot
Tt
Ny
Note that if we define
r =xy +7Tp
then
{xa,xi}D =0
Now solve the constraint ¢ = 0,
1
p = %ﬁ(PQ +m?)

The dynamical variables are o

z ., phalp
The Hamiltonian generates 7 translations,

0 L 0

or Ox+
So that

H=p'p” +ad

The second term has been added to keep us on the constraint surface (this is a result of
switching to Dirac brackets). To determine the value of a we set

dy 0¢,
0=—= H}+—=(-1 -1
giving @ = 2. The Hamiltonian is then[]
1
H = §(P2 +m?)

!Something is wrong here. a = 2 does not give the right Hamiltonian. If we had o = 1 it would work
out.



3 The Bosonic String

The Nambu-Goto action is

Sng = —

/ drdov —det h

2ma’

where

hag = 0 X"05X,,

X*(o,7)
If we introduce the notation
) X
XH =
or
oOXH
XM=
Oo
we can write the Nambu-Goto action as
1 . ;
SNG:—ﬁ deJ\/(X'X’)Z—X2X’2 (3)
Let’s introduce an auxiliary field g.g
S = T / drdoy/—det g g0, X"05X,, (4)

This action is called the Polyakov action. It is classically equivalent to the Nambu-Goto
action. The equation of motion for g,g is

1 1

=0

1
V—deth =+/—detg 5975&){'“85)(“

Exercise 3.1. What happens when you add a “cosmological constant” term to ?

(\/ — det g) ~ mass term for free particle

closed string
0<o<m periodic b.c.

open string
0<o<m b.c. 7

§S = 0 for 6X"(r;) = 6X"(1,) =0



4 The Superstring

4.1 Majorana Fermions in d = 2 Dimensions

Instead of v’s we’ll use p’s
{p",p"} = —2n"”
We choose the following specific representation for the p’s

o (0 —i O
p_(io = \i o

on_Ltro n_(1 O
p —2[p,p}—<0 _1)

p° and p! are pure imaginary, so the Dirac operator
iD= ieSpt D,
is real. Here e/ is the zweibein, and p% the inverse. The Majorana condition is
b= 4T
pp = 1pp™
pap”pt =0

Yx = i(Yax1 — Y1X2)
= —i(x1%2 — X2¢1)
= XV

1
Daw = aa¢ + ZwaABpABw

1
= 0¥ + §wa01,001¢

where w,ap is the spin connection. But

popApOI — pApl

Slo)
ot ™ =T ptpth =0
and hence we can drop the spin connection term in the action.
WDy = ipGp" dutp
In conformal gauge
ph = e 20

Let

. (fﬁ) e = det g = /5

i) D = 2eM2 (10,1 + 1ha0_1by)

10



4.2 The Action
The action is

1

iy

S:

/d20 e [g(w@aX,ﬁgX“ — ieig@upAﬁaw“

- LQ 1 (1 - 7
+ 2Xaehepp” p 0 + 555 Xar” Xt
The symmetries of the action S are

1. Diffeomorphisms

2. Local supersymmetry
X! = eyt
Sy = —iple e (8QX” — @“XQ)
Seld = —2iep” x4
OXa = Vae

where
Vo€ =Dye— 20 ()ZapOIprﬁei> €

3. Weyl rescaling

el — fey
e
Xo = F/*Xa
XH —= X*H

4. Local Lorentz
et — (5§ cosh A + €5 sinh A) eB
Yy — eéApmwu
A A
= (cosh 5 + p% sinh 5) (e
Xa — €220 X0
5. Gravitino shift
5Xa - ieﬁpﬂl

where 7 is a Majorana fermion.

eap*pPoxa = edp™p el pen

= p*p"pan =0

11



5 Conformal Field Theory

Consider a world-sheet parameterized by o and 7, where now

—0 < T <0
0< o <27

for closed strings. The light cone coordinates on the string are
THo
Now analytically continue to Euclidean coordinates
T+o — —i(r io)

and define
w =T+ 10, wW=T—10
We can then conformally map the world-sheet to the punctured complex plane by defining

z=e", Z=¢e

Under this transformation left(right)-moving fields become analytic (antianalytic) fields, and
time ordering becomes radial ordering. Equal 7 slices conformally map to concentric circles
in the complex plane.

We assume that we can construct a classically scale-invariant field theory. That is, we

have a dilatation symmetry
X — XY+ o0AX“"

The dilatation current is
Da = aﬂXﬁ

The conservation of this current implies
0,D=0 = T¢ =0

In 2D take the flat plane so

and
ng - 0

Of course, energy-momentum is conserved (this is already assumed) so
a,Ejﬂlzz + azTéz
SO

12



That is
is analytic. And similarly

is antianalytic.
We have conformal symmetry if
17, =0

is invariant under not just dilatations X* — (14 0A)X* but also under conformal transfor-
mations

X - Yo(X)
where J——
8l
98 = Hxa 9xF 9,5(Y (X)) = p(%)gap
For d > 2

1SO(d—1,1) —  SO(d,2)
Poincaré symmetry Conformal group

or
AdS group in d + 1 dim

We're doing Euclidean so
ISO(d) — SO(d +1,1)

These amount to different real sections of the complex group SO(d + 2, C).
The new conserved currents are

Dy = TppX"
K = X278 _9x°DP

For d = 2 we get and infinite dimensional symmetry algebra

under the infinitesimal conformal transformation

z— 2+ €(2)
zZ— Z+€3Z)
whose Lie algebra is Vir & Vir

The generators are

with the Lie bracket



Take the complexified Lie Algebra Vire ® Vire whose different real sections are Euclidean
(conformal group) and Minkowskian (pseudoconformal group).

The conserved charge is
dz
L=§  SEoTe
log [z|=T i

Let us pretend that we have some correlation function
(X) = (O1(21,21)O9(22, Z2) - - Op (20, Z0))
Make an arbitrary diffeomorphism
z— z+€(z,2)

then

n

0= Z(Ol(zl, z1)  0eOk(2k, Zk) - On(2n, Zn))

k=1

N % / @22 {0:(e(T(2)X)) + 0.(&(T(2)X)) }

Consider, for example, a scalar field theory

oL
¢5 00+ 5350 - 00
oL oL oL
"(55"@‘<;mo)f 9¢+9 (5 &n¢f%¢>

_ %T,uu
Note that

9.(T(2)X) = 0
9.(T(2)X) = 0

everywhere except at the points z = z; and zZ = z;. Also note that we can use the divergence
theorem for complex coordinates:

/ @z (9:A+0.4) = - / dz A dz (9:A + 0.A)
S / d(Adz — Adz)
2 S
S— f (Adz — Adz)
2 a5

Thus we can write

271

0= (5.X) f—ez WT(E)X) + ¢ 22 az)T(z)x)

14



where C' is a big circle containing all the points z;.

(65.X) =f L (NT(2)X) - ]4 L ) T(2)X)

211 21

Now contract the contour to a sum of small circles around each of the points z;.

_ dz _
ZZ,ZZ % 2—m€ Z T (Zl,ZZ) — 27_‘_2 ( )T( )Ol<ZZ,Zl)

But this is just the definition (in radial ordering) of

(L., O(w, @)] = ﬁgzb—ﬁgw 92 (AT ()0, 0)

2mi
loglu|  loglul
dz _
—ﬁ%e(z)T(Z)O(w,w)

From now on we will just drop the antiholomorphic term in order to save writing. Its presence
is always implicit.

50(w,w) = [Le, O(w, w)]
_ f L T()0w, B)

211

The variation of the energy-momentum tensor is

5. = e(w)T (w) + 20e(w)T (w) + éa%(w)
Schwinger term

The factor of two in the second term is the conformal weight of T. The above variation
follows from the operator product expansion (OPE)

c/2 2T (w) = O0uT(w)

T(2)T(w) = G w) + (z—w)? ' (z—w)

+ ... (5)
To see this consider a contour integral around the point w
d
§ 5T )

211
— ?{ %(e(w} + (2 — w)Oe(w) + = (2 — w)*0?*e(w) + é(z — wPPe(w))
% c/2 2T (w) 0T (w)
( ey

z—w)t  (z—w)?  (z—w)

N —

= 0T + 20T + 1—02836

15



Exercise 5.1 (The Virasoro algebra). Using the Laurent expansion of T'(z)

1

where J
4%
L, - f T (2) (6b)

show that equation implies the Virasoro algebra:

C 3

[Lpn, Lin] = (n—m) Ly, + E(n —N)0p—m (7)

Exercise 5.2. Consider

k,(sab - rab 7C
J9(2) I (w) = LTI

G-w?  (z-uw)

and let p
Jy = —Z,Z”J“(z)

" 271

Compute [J“ Jb } .

n<“m

As defined T'(z) does not transform as a conformal tensor (of weight 2). Instead, under
z—y(2),

1)~ () 10+ 5 )

where the Schwarzian derivative {y, z} is defined as

{ Z}:d3y/dz3_§ d2y/d=2\>
vi2r= dy/dz 2\ dy/dz

Exercise 5.3. Verify that under successive transformations z — y — w the Schwarzian
derivative satisfies

{w,z} = (%)2 {w,y} +{y, 2}

Note that the Schwarzian vanishes for PSL(2, C) transformations:

az+b
cz+d’

y = ad —bc=1

Theorem 5.1. If none of the points z; are at infinity, then (T(2)X) is reqular as z — oo.

In fact,
(T(2)X) ~ 2% asz— o0

16



Proof. Consider integrating on a large circle C' enclosing all of the points z;

ji ﬁz”“(T(z))Q

211

Conformal invariance implies that the limit radius of C' — oo should exist. To study it,
change variables of integration

1
Yy=-
z
Then
dz .4 j{dy _
ol _ . (n+3) A
fcmz (2) — D i (" T(y))
dy
— — ¢ L 7
D o ¥ (y)

We can now contract C' to the origin in the y-plane (co in the z-plane). If n < 1 the integrand
is analytic at y = 0 and so

d
fat T =0, n<1
c 2mi

Translating back to the z-plane, we can conclude that as C' — oo

271

d
f —Zz”+1<T(z)X> — 0, n<l1
c

and so (T'(z)X) itself must vanish like z~%. O

The subalgebra of the Virasoro algebra spanned by
L—17L07L1 and E—hi(}?il
has no central extension. Together these generate SL(2, C).

(Lo, La] = £L4y
[L1, L] = 2Lg

They also generate the conformal transformation
z—>z+e,1+eoz+elz2

More specifically

Ly, L, generate translations
Lo+ Lo =20, +20: =rZ  generates dilatations (evolutions in 7)
i(Ly — L) = (20, — 20;) = % generates rotations
Ly, Ly generate special conformal transformations

17



Let us assume that the operators O; scale homogeneously under dilatations and rotations.

[Lo, O(0)] = hO(0)
[Lo, O(0)] = hO(0)

If you do not like the point 0, define

21

Lo = f 99 (5~ 1)

and
[L(()Z),O(z, 2)] = hO(z, %), etc.

The quantity h + h is called the scaling dimension of @ and h — h is called the spin of O.
Under translations we have

[L_1,0(0)] = 80(0)
[L_1,0(0)] = 00(0)

and so part of the OPE of T" with O is determined:

hO(w,w) N 0 O(w, w)

2

T(z)O(w,w) =---+ 4.

(z —w) (z—w

Definiton. If the most singular term in the OPE of T" with O is a double-pole then we call
O a primary conformal field.

If O is primary then
[L,,O0(0)] =0 n>1

Exercise 5.4. Show that a primary field O(z, Z) satisfies
(Lo, O(z,2)] = 2"110.0(z, 2) + h(n + 1)2"O(z, 2)

The vacuum satisfies
L,0)=0 n>-1

This is equivalent to SL(2,C) invariance. In the analytic continuation to Minkowskian
signature (imaginary 7), 7" and 7" are Hermitian. It follows that we must have

and so

or



Given a primary field, O we can generate an infinite number of descendant fields:
O r2)(z,2) = - (LE)™ (L) O(2, 2)

The collection of the operators will be denoted by [O]. Together they furnish a representation
of the Virasoro algebra. In particular, since

L(f%(’)(z, z) = 00(z, 2)

O and all of its derivatives are in [O)].

5.1 Correlation Functions

We saw that a primary field, O satisfies
0.0(z,2) = €(2)0,0(z, 2) + hO(z, 2)0,¢(2)
Comparing with the RHS,

(T(2)O1(21,21) -+ - On(

» Zn))

h; 1 0 _ _
= (( PR ) (O1(21,21) -+ On(2n, Z0))  (8)

—\(z— % z— z) 0z

Consider the contour integral

dz _ _
= fcﬁ — 21)(z — 2){T(2)O01 (21, 2) Os(22, 22))

where C' is a contour surrounding both z; and z;. Contracting,
I = (hy — ho)(21 — 22){(O1 (21, 21)Oa(22, Z2))

We have assumed that neither of the points z; or z; are at infinity so by Theorem [5.1
(T(2)X) ~ z7% as 2 — oo. So taking the contour C' to be arbitrary large we see that the
integral must vanish

I=0

So either hy = hy (and h; = hy) or
(O1(21,21)Oa(22,22)) = 0

By a similar argument

dz - 5
0= j{c — (2 — 29)(T(2)O1(21, 21) O2(29, 22))

271

From a circle around z, the residue is

h<01(21, 21)02(227 52)>

19



From a circle around z; the residue is (use z — 2o = 2z — 21 + (21 — 22))

(h + (21 — zz)a%) (O1(21,71)O0y(22, %))

SO

0= (Zh + (2 — zg)a%l) (O1(21,21)O3(22, 22))

which implies .
<01<21, 21)02(22, 52)> = const (21 — 22>72h(21 — 22)72h

Correlation functions, in general, must be invariant under conformal transformations.
Specifically they should be invariant under the action of PSL(2,C). By considering the
effect of a rescaling and rotation its not hard to show that the one point correlation function
must vanish:

(O(2,2)) =0
The two point function we now know
const (z1 — 2,)"2"(z, — 7,)"2h M=hs=h
(O1(21, 21)O2(22, 22)) = (21 = 2) (51 — 2) hi=ho=h
0 otherwise

The next logical question is what is the three point function
(O1(21,21)O2(22, 22) O3(23, 23)) =7

Before we calculate this we should comment on the insertion of multiple energy-momentum
tensors into the correlation function. Equation (8) above gives the expression for the insertion
of one energy-momentum tensor. The corresponding equation for multiple tensors is

(T(2)T(y1) - T(Ym)O1(21,21) - - On(2n, 2n))

& h; 1 0 = 2 1 0
_{;<(Z—Zi)2+z—zia_%) +;((z—yj)2+z—yj3_yj)}
X <T(y1> U T(ym)ol(zly 21) e On(zm 2n)>

+ Z} (zi/—gij)4<T(y1) o T(y—)T(Yje1) - T(ym) O1(21, 21) - - Op(2n, Zn))

This expression is used to compute correlation functions of descendant fields while equation
is used with primary fields.

It is convenient to choose an orthonormal basis of primary fields such that

(On(21, %) O (22, 52)) = Onm ,

(Zl _ Zg)Qh(zl _ 52)211

20



5.1.1 States and Operators

We can define a primary state as
0) = lim O(=,2)|0)

A primary state satisfies
L,JO)=0 n>1

For a ket |O) the corresponding bra is

(O] = 1im (0|O(z, z) 220 z2Lo

Z—00

5.1.2 The 3-point Function

The three point function
(O1(21,21)Oa(22, 22) O3(23, 23))

can be most easily computed by taking z; — oo and z3 — 0. One can then show that the
dependence on z and Z (or z3 and Z) is given by

(0110;(2,2)|Ox) = exjzs ozl
where ¢;;i, is a constant.
Exercise 5.5. Prove this by considering
(Oi|T(w)O,(z, 2)|Ok)
and taking the appropriate contour integral.
More generally, by PSL(2, C) transformations, we have
(O1(21,21) O2(22, 22) O3(23, 23))
— 10 (2?21+h27h3251§+h37h1Z{L:;Jrhgfhg)71 (Zg%rﬁgg%%gfhl2{1&%3%2) -1

where the ¢;;, are OPE coefficients.

5.1.3 The 4-point Function

Note that the one, two, and three point functions are completely determined up to constant
coefficients by conformal invariance. Life is not so easily for the four point function:

GW = (04(21,71)Os(22, 22)O3(23, 73) Ou (24, 24))

An element of PSL(2, C) is uniquely determined by its action on any three points. Hence we
could fix
(Zlv 22, Z4) - (007 17 0)

21



by the transformation
(21 — 22)(2 — 24)
(21 — 2)(22 — 24)

Under this transformation z3 is sent to the point

y(z) =

23— 1 = (2’1 - 22)(23 - 24) _ 212734

(Zl - Zs)(22 - 24) 213724

and the four point function becomes

4 h; N hy
dy\™ dy\™
4) — 2J 29
G B g <dZ)Z=Z¢ (d'g)zzzi

« lim (j—y) (%) W(O) ™ (50) ™™ (041031, 1)04(z, 7)[04)

(—z1 2=

z=C
or

G(4) _ [Z{Léﬁ»h‘lfhl7h22;32h3zilj+h3*h1*h4Zgifhthsth . [ } <Ol |O2(1’ ]_)03 (:L’, i‘) |O4>

4

0
Z €<Zi)£$ =0

=1

for €(z) = a+bz+cz? as we have been using, the dependence on x is completely undetermined.

5.2 Examples
5.2.1 Free Massless Scalar Field

The action is given

S:%/dzzaXéX

™
with
<X(21, Zl)X(ZQ’ 22)) = — lOg ’21 — 22‘2

T(z) = —%:aXﬁX:

.HXOX:(2) = lim (aX(g)aX(z)+ L )

(—z (C — Z>2
T () = o - T
o 1)2 2T (w)  0,T(w)
(2 —w)? * (z —w)? * z—w



so the central charge is
c=1

Note that X is not a good conformal field. It goes as log(z) as z — co. However
j =i0X

is a perfectly good one:

T(2)j(w) = 5 0X0X () i0X (w)
OXG) )| duilw)

C(z—w)? (z—w)? z—w

This implies that j is a primary field with a conformal weight of ~ = 1. Another primary
field is

X

whose OPE with T'(z) is given by
) _ 1 ) _
T(z)eZpX(w’w) = —§8XOX(z) X (w,)

) 2
= ;8X(Z)LeipX(wvw): + lp—eipX(w,w)

z—w 2(z—w)?
P eipX(ww) g cipX (wm)
(z —w)? z—w

And so :¢PX: is a primary field with conformal weight h = p?/2. The OPE of two of these
fields is

eiplX(z,Z) 6inX(w,ﬂ}) _ e—(ipl)(ipg) log |z—w|? _ei(plX(z,Z)—i-ng(w,w))

= ’Z _ w|2p1p2 [ei(p1+p2)X(w,lTI) + (Z _ w)iplﬁXei(m*p?)X(w’w) + .. }

5.2.2 Free Massless Majorana Fermions

We now study the Euclidean (Wick-rotated) analogs of Majorana fermions in Minkowski
space. The Euclidean p matrices are given by

L (0 , (0 —1
p‘(zo =1 o

Note that p, is related to our earlier definition of py by ps = —ipo.

=) o9

iﬂ / £z <¢5¢ + 1;61;)

The action for this theory is

S
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with

Z—w

Exercise 5.6. Use Wick’s Theorem to compute the central charge ¢ and the conformal weight
h of . Answer: ¢ =1/2,h =1/2.

5.3 Representations of the Virasoro Algebra
A primary, or highest weight, state |O) satisfies

Lo|O) = hlO)

L,JO)=0 n>1
The descendant, or secondary, states are

L_]0)
L ,|0), I[2,|0)
L 3|0), L5L,4]0), L%,|0)

The number of states at level N is equal to P(N), the number of partitions of the number
N, whose generating function is given by

NZ:OP(N)q =I[1 T

with P(0) = 1. A primary state together with all of its descendants is known as a conformal
family and furnishes a representation of the Virasoro algebra. In general, this representation
is not unitary. We would like a unitary representation (in which all states have a positive
norm). Consider

IL-a|O)|* = (OILY,,L,|O)
= (O [Ln, L] |O)

= 20(0|L|O) + 75 (n* = n){0]0)
= (2nn+ S - n) (00}

We can ask the question, for which values of ¢ and h is this positive for all n. When n =1
the central term vanishes and we see that we must have

h>0
When n > 1 the n? term dominates and we must have

c>0
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for positivity. When h = 0 we can see that L_;|O) = 0 and so the primary state O may
be identified with the vacuum (which corresponds to inserting the identity operator at the
origin):

h=0 = |O)=|0)
Lemma 5.2. For ¢ = 0 the representation is trivial.

Proof. Look at
Loglh) L2, |h)

The 2 x 2 matrix of inner products has
det = 4n*h*(4h — 5n)
which goes negative for h # 0 and n > 1. n
If O has a conformal weight of (h,0) then O is holomorphic:

[E(_Zf, O(z, z)} — 90 =0

And so we can expand

= Z O,z h O, :j[d—z_zh”_l(’)(z)
2me

r€Z—h
O,0) =0 forr > —-h+1
Now consider the matrix of inner products at level N = 2

_ ({O|LyL_5|O) (O|LyL*,]|O)
4= (<0|L%L2|o> <0|L%L21\0>)

Using the Virasoro algebra @ we can calculate the matrix elements

(O] [La, L] |O0) = (O4Lo + —(2° - 2)|0)

12(

—=4h+ =
+2

<O|L%L2—1|O> | (L12L0 1+ L L4 L1L4)|O)

(O
= (O] (L1L—12(h + 1) + L1 L_42h) |O)
— 4h(2h + 1)

(O|LyL2,|0) = (O|3L1L1|O)
= 6h = (O|L{L_,|O)

A (A 6h
6h  4h(2h+1)

25
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In a unitary theory the matrix of inner products, and thus its determinant, must be non-
negative. The determinant of A is given by

det A = <4h + %) (4h(2h + 1)) — 3612

= 4h (80 + (= 5)h + g)

:g(l6h—5+c—\/(1—c)(25—c)> <16h—5+c+ \/(1—0)(25—c)>

When

h:%<5—ci\/(1—c)(25—c)>

det A = 0 and we have a null vector

0= (L2 - g ) 1O

Note that the roots are complex for 1 < ¢ < 25 and for ¢ > 25 the roots only occur for h < 0,
so the interesting case is 0 < ¢ < 1. For the special case ¢ = 1/2

h
det A= 2(16h —8)(16h — 1)

with roots h = 0, 1

1
,5, and $5.

5.3.1 The Kac Formula

The determinant of the matrix of inner products at level N is known. Its roots are given by
the Kac formula:
-1 1
Popm = 024 +1 (nay +ma_)?
1

aizﬂ(\/l—ci\/%—c)

where n and m are positive integers such that nm < N. The associated null vector has
conformal weight
h = hym +nm

and so occurs at level nm. For 0 < ¢ <1 the values of h are real. It helps to parameterize

6
s(s+1)

c=1-

under which
(s+1)n—sm)*—1

hnm =
’ 4s(s +1)
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Note that this is invariant under the symmetry

n—s—n

m-—s+1—m

Since we are interested in (nontrivial) unitary representations of the Virasoro algebra we
consider only
c>0, h>0

For 1 < ¢ < 25, the roots h,, ,, are complex and for ¢ > 25 they are negative. So ¢ > 1 agrees
with Kac a priori (the norms are strictly positive). For ¢ = 1 we get vanishing norms for

k‘2

h
4

but for £ € Z the norm never goes negative. It is only for 0 < ¢ < 1 that we have a potential
problem with negative norms. The solution due to Friedan, Qiu, and Shenker is that only
for discrete values of s is the representation unitary:

6

=1—-—— =3,4,5,...
c S(S—'I—l) S P )

with s(s — 1)/2 distinct roots

s+ 1L)n—sm)*—1
finm = 4s(s+1)

where ] <n<s—land1<m<s—n.

5.4 The Ising Model

The smallest nonzero central charge for which the representation is unitary is s = 3 or

¢ = 1/2. The roots are

Lo, =t

22 M 16

Recall that the CFT of the free massless Majorana fermion had a central charge of ¢ = 1/2.
As discussed the root hq ; is related to the vacuum state |0), and hence the identity operator.

And we expect that hy; will be related to ¢. What, then, is h 5 related to?

hip =0, hyy =

Exercise 5.7. Consider the free massless Majorana fermion. Using

T(2) = 5000

compute
(L1, w(w)
Show that this is a multiplier of 0?1.
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It turns out that this CF'T describes the critical theory of the Ising model in statistical
mechanics. Hence it will be fruitful to study that theory.
The classic Ising model in statistical mechanics consists of a two dimensional square
lattice of spins each taking on values
o;, = *1

with nearest neighbor interactions. There is a second order phase transition as the tempera-
ture increases. On coarse scales we can imagine the spin lattice as a continuous magnetization

field o(x). In the disordered phase

(o(2)a(0)) ~ et

|z|—o0

where ¢ is the correlation length. At the critical temperature £ — oo and instead the
correlation functions decay as a power law

(o) 0) ~ ey

where 7 is the critical exponentﬂ
Besides the magnetization another important observable is the energy operator:

1
6i:#n.n. Z 7195

nearest
neighbors

where #n.n is the number of nearest neighbors (e.g. four on a 2D square lattice). At

criticality
1
(e(x)e(0)) ~ 217

Onsager’s exact solution to the Ising model gives the critical exponents

L 1
= - UV =
Ui 1’
o is an operator with scaling dimension
Ay =ty t hy =
g g o 8
while € has scaling dimension B
Ac=h.+h. =1
The ¢ = 1/2 CFT (the free massless Majorana fermion) has just this primary field content
=0 hy = hy = —
c TS
- - 1
620271:¢¢ h€:h€:§

2Something was mentioned here about an anomalous dimension
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5.4.1 The Four Point Function

Conformal invariance allows us to fully determine the four point function of fields in degen-
erate representations. Take, for example, the spin field operator, o(z, ), in the Ising model

which has conformal weight

heh=—
16

Recall that PSL(2, C) invariance allowed us to determine
(01(21,21)09 (22, 2)03(23, Z3)0u (2, 1)) = |21 7224|400 (V)0 (2, 7))

where
212734

B 213724
In general, the z dependance in completely undetermined. Here, however, we can use the
fact that o has a null descendent at level two. Inserting this into the correlation function

gives
o 4 @2 _
0= (olot) (£ - 3277 o(e.2)lo)
or
() _ 4 0? _
(ol ()L o (z, 2)lo) = 5 55 (ol (Do, Do)
Now insert a stress tensor and taking the contour integral around =x.

j{dzz(l—z) (o0, 5)

2m 2 —x

_ ;_ {f" U=2) 1) (2o x)} T(2)o(z, 7)

z—x
1
= 21— 2)LYo(2,7) — 2z — 1)do(z, T) — 760 (@:7)
From the above differential equation this is just
4 0? 0 1 _
= {3 (1-— x)@ — (2z — 1)£ - E} o(x, )

Now take the contour integral around 0:
dz z(1 —2) 1
dadiiod Sl o -
fg omi 2=z L@o)=—1gl0)

and then around 1:

dz z(1 - 2) 1
— T 1)=—0(1
fgzm o 1@ol) = —qer—o)
and then around oc:
|f dz z |7{ dy y (1-— T(y)
(o 2 oz — 2w 1 — 2y Y
B 16



where we used the transformation y = 1/z in the first equality. Combining these by contour
deformation we have

4 0? 0 1 _
0= gx(l — x)@ — (22 — 1)% ) (olo()o(x,z)|o)

and similarly for Z. Simplifying a bit we can write
(olo(Wo(z, 7)o} = |2(1 — )|~/ (2, 7)

where f(x) satisfies the differential equation
" 1 !/ ]'
o1 = )" (@) — 520 = ) () + 1 () = 0

and likewise for f(z). This is a hypergeometric equation with regular singular points at 0,
1, and oco. The solutions then are hypergeometric functions, but they happen to simplify in
this case to algebraic ones:

1/2
fiale) = (1 vI—2)"
So we expect the general solution to f(x,Z) to be of the form

2

fla,2) = aifi(x) f;(x)

ij=1
We would like to choose the a;; so that f(z,z) is single-valued. The solution is
a;j = ad;;
for some constant a. So finally we have
(olo(Vo(z,T)|o) = alz(l — z)| V4 (]1 + \/E| + ‘1 - \/ED

Letting x — 0 and expanding

alr(1 — x)| 74 1+V1I—2|= 2alx| VAT - 2

ale(t =o)L= VT =a| = Sl L+ P
Now comparing this to the OPE of two o’s

_ _ 1 _
O'(Z, z)a(w,w) = m[l +-- ] +CUO-E‘Z — ’LU‘3/4[6(1U,IU) +-- ]

we can read off the value of a

1
a= -
2
as well as the coefficient of e(w, w) that appears in the OPE
= E = Coge = =
ooe 4 ooe 2
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We indicate this result schematically by

Now let x — 1. For convenience define y =1 — .

lim(oo (1o (2, 7)) = lim 2Jy(1 = )|~/ (1 + V5] + 11 = V)

1 2 2 2
= S (‘H%—% +‘1—\/7§—%>
1 —-1/4 |y
- o WL
S 2

B 1
= |y| 1/4<1+...)+ Z‘y,3/4(1+...)

Note that cancellation between terms gives us the exact same result we obtained by taking
x — 0 limit. Schematically,

This equality is, in fact, demanded by the associativity of the operator algebra, and is known
as the crossing symmetry of the four point function. In general,

E CiimClim :E CijinCikn
n

m

This process generalizes to the n-point function:

(O1(21,21) - On(2n, Zn))
Namely, the n-point function will be
e a single-valued, real, analytic function of the z;’s,
e independent of the order of the operators O;,

e independent of the decomposition of the punctured sphere into 3-punctured spheres.
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In this example (and for all ¢ < 1 minimal models) we have a closed operator algebra with
a finite number of conformal blocks. Specifically, we have the identity block, the block
corresponding to the spin field operator, and the block corresponding to the energy operator

with

The last two lines are determined by the 0 — —o,¢ — € symmetry and the low/high
temperature duality, o «<» p under which ¢ — —e. Of course,

Life is not so easy for ¢ > 1 where, in general, there are an infinite number of conformal
blocks. In these situations we can

e look for extended chiral algebras (with the operators organized into a finite number of
irreducible representations of this larger algebra),

e study free field theories,
e or muddle through.

Examples of extended chiral algebra’s are the superconformal algebra and current algebras,
which we now take up.

5.5 Current Algebras
Consider an OPE of the form

Jo ()T (w) = RO T w)

(z —w)? z—w

where the indices take on values in a finite dimensional representation of a Lie algebra g
(associated to a compact Lie group). The f°, are the structure constants of g. We normalize
the generators of the Lie algebra such that the highest root has length? = 2.

The mode expansions are
o

Jz) = Z Joy
where p
a __ _Z n ja
Jr = 2m,z J(2)

32



Primary fields associated to some finite dimensional representation R of g obey

_ g O(w, w) N

Z—Ww

J(2)O(w, w

where #{y is the matrix of the representation and O(w,w) is a vector of operators (fields).

J2O) =0 n=>1
Jo10) = t{r)|O)
Inserting J into a correlation function gives

(J*(2)O1(21, 21) -+ On(2n, Zn)) = Z ﬂ(Ol(zla z1) - On(zn, 20))

Z—Z
i=1 ¢

This is obtained by taking the contour integral

dz 1
c2mw — 2

<JQ(Z)OI (Zlv 21) T On(zm 271))

where C' encloses all points.
The energy-momentum tensor is given by

1/2

T(z) = Ft a2

J0 ()
with ,
J”Wm:thm@ﬂmy"_ﬁL>

Z—w (z —w)?

where |g| is the dimension of the Lie algebra g, and ¢4 is the quadratic Casimir in the adjoint
representation ]
facdfbcd — CA(Sab

Exercise 5.8. Show that

J(w) n aJ%(w) n

T @ =
(2)J%(w) R ri—
and 12
c
T(2)T(w) =
ETw) = s
where the central charge c is given by
__ kig]
k -+ CA/2
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g Il K index

so(n) in(n—1) n—2 {,=2

su(n) n?-1 n l,=1

sp(n) 2n*4+n n+1 Ly, =1
g 14 4 f=2
fa 02 9 lyg =6
e 78 12 Ly —6
e7 133 18 lse = 12
es 248 30 floyg =30

Table 1: Common Lie Algebras

For convenience we define the dual Cozeter number as
K = ca/length? (highest root)

which with our normalization is c4/2. Table[l]lists some common Lie algebras, their dimen-
sions, dual Coxeter numbers, and the index of their fundamental representation.
For a representation R we define

tI‘R U = dRCR
trp t4 = (Rd%Y

where cg is the quadratic Casimir in the representation R, dp is the dimension of R, and /g
is the index of R. These are related by

_ (rlg|

Cr
dr

If Ry and R, are two representations then
eRlEBRQ - £R1 + £R2
£R1®R2 = dR1£R2 + dRzgR1

and

(£R1 + €R2)|g|
dr, +dp,

CRi®R; = CRy + CR,

CRi®Ry; =

3Polchinski seems to define this as
_facdfbdc _ CA(Sab
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The lengths of the roots are related to the dual Coxeter number by

(L (SY
li—rg nr, I ns

where 74 is the rank of g, and n;, (ng) is the length of the long (short) root.

(g)Q _J&  for SO(2n+1), Sp(n), and F,
L) % for G

The algebras SU(n), Eg, E7, and Eg are said to be simply laced as the roots all have the same
length.
Returning to the energy-momentum tensor, the Virasoro generator ng) obeys

LY 0w, w) = ja{ %(z —w)T(2)O(w, w)
_ %ﬁ/ﬁ{ %(z W) (2)J(2):0(w, @)
12 dz 19,14 §
=i fw 2_m(z - w)—(z f Z)QO(w,w)
_ _cr/2 (w, @)
k + CA/2 ’

giving a conformal weight of kfji 2/2 for O.

L@ O(w, 1) = #iﬂ]i%:ﬂ(z)ﬁ(z):ow,w)

! fdz L Je()t8.0(w, o)

:kz—l—cA/Z 2mi z — w
1
= ———J" N 0(w, @
FTeanl R (w,w)

= 0, O(w,w)

Now take the contour integral

dz 1 1
= ¢ ———(J(2)—=1F ) =
0 fé 211 (Z — ’wz) <J (z)k + CA/2 Riol(wlawl) On(wn, wn)>

where C' encloses all points. This gives the Knizhnik-Zamolodchikov equation:

a

9 1 th 1%, ) )
0= lawi + k+ca/2 ; w; — wi] (O1(wy,wy) -+ Op(wp, wy,))
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5.5.1 Example: SU.(2)

An SU(2), current algebra has a central charge of

3k
c=——
k+2
The representations are labeled by
1 .3
=0,=-,1,—,...
j Y 27 ) 27

The conformal weight of a primary state in the representation j is

Jj(G+1)

)

With our normalization convention
Fiik — \/9¢idk
The quadratic Casimir in the fundamental representation is

3
Crund = 5 = (Jo)* + (J5)? + (Jg)?

The usual SU(2) generators are given by

1

J* (J'+ J%)

S

1

J? = J°

>

and so
Ctand = Jo Jy + Jy JiT +2(J3)?

The OPE’s of these generators are

T (2) S (w) = ——

The mode expansions satisfy
(D' =05, () =2,

and

[J5 T ] =278

n’Ym n+m

+ kndp, —m
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We will label the primary states by |j, m). In order for the representation to be unitary we
must have

Jilg, ) =0

Consider
12305, =) = G, =il T2 5, —3)
= (4, =3l (k + 2J5)17, =)
So we must have
J <

NN

in order for the representation to be unitary.
One can show that the generators

. k
AN J§:J§+§

satisfy a SU(2) algebra. Considerations of unitarity show that we must have
kez*

otherwise (J—;)? will create a state of negative norm. The following conditions are then
necessary and sufficient for unitarity

kez*

keZ*)2

< k

7=3

From our experience with SU(2) we expect the fusion rule
J1+72
] x (i)=Y [js]
Js=lj1—Jo|

but this is not quite right because of the unitarity restriction. The correct rule is

min(k/2—(j1+72),
J1+j2)

) x ()= >, [js]

Js=lj1—Jo|

from the restriction j < k/2. This can be derived by inserting a null vector into the four
point function, or by a more powerful method to be discussed later.
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5.5.2 The Free Boson on a Circle

Consider the level one current algebra SU(2);. The only allowed representations are j =
0,1/2. The central charge is ¢ = 1. It turns out that this theory can be related to our friend
the free boson

1 _
S=— / d*20X0X
2m
Only now we let X be periodic (the free boson on a circle)
X(z2,2) ~ X(2,2) + 27R

The Virasoro primary field

is only well defined for

Recall that

1
T ) = =
_ b _
J(2)Op(w, w) = o w(’)p(w, w) +
and similarly for B
J(z) =i0X

For the boson on circle we have a new primary field
Ouw(w, )
which “winds” m times around the circle (with m € Z):
X (¥ 2,7 2)Oy(w, w) = (X(z, 2) + 2rmR) Oy (w, )

The winding number m is a topological invariant. The contour integral

ji AX O (w, ) = f(dzax 4+ dz0X) 00 (w, @)

w

=2mmR
gives
dz _ 1 _
%%J(z)Ow(w,w) = §mR Oy (w, w)
dz -, _ _
- jI{ —J(2)Op(w,w) = —=mR O,(w,w)
m 2
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More generally we have primary fields with both momentum and winding:

dz B n 1 _
%%J(z)(?n,m(w,w) = (E + §mR) Opm(w, )
= pr, On.m(w, )

dz -, _ _ n 1 _
_j{%(](z)(’)n,m(w,w) = (— ——mR | Oy m(w, )
= DR On,m(wyw)

where L and R stand for left and right respectively. Note

1
p==(pr+pr) =

— O
=Sl

mR

N —

w = §<pL —pR) =

The left and right moving conformal weights of these primaries will, in general, be different:

5 1
Lé )On,m(za 2) = EpLQOn,m(Zv 2)
7 (2) N _
Lo On,m<zv Z) = ipR On,m(zu Z)

Now take

The conformal weights are

1 S|
hm = 3 (— + —mR) = Z(n +m)?
_ 1 1 S|
hn,m = 5 (% - _mR> = Z(n - m>2
so the fields Oy 11 have weights
Ly
h = SbL” = 1 pr=+V2

— 1
h=§PR2=0 pr=0

and so are holomorphic with conformal dimension 1. Call these fields J*(z).

J(2) T (w) = L2 % (w)

zZ—Ww
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If we set

then we have

3 3 _ l o 1)2
J?(2)J° (w) = 2J(2)J(w) BREETE
Note
Onm(2,2) O o (W, w) = (2 — w)pr/L(E — w)pRle :Onm(2,2) Ot (W, 0):
with

Onm (2, 2) Ot gy (W, 0): = Oyt gy (W, W)
+ (2 = w)pr:J (W) Oyt e
+(z2 - w)pR:J(w)On+n’,m+m’<

w,W):
w,Ww): -

This is the same formula we had before, but now we must distinguish between p; and pg.
Let us compute

J+<2)J7 (w) = 0171(2, 2)0717,1(115 U_J)
1

e 1+ (z —w)V2J(w) + - -

Recalling that Qg is the identity operator. Thus we have

T ) = _1w)2 n i’w L

and so J*, J? form an SU(2) current algebra with & = 1. That is, SU(2); can be realized as
a free boson on a circle of radius R = /2, as advertised.

5.6 Ghost Systems
5.6.1 Weyl Fermion
Recall that the action for the free Weyl (complex) fermiorf]

5L / 2100
27

with

The stress tensor is given by

T = (100~ 9u'y)

4Tve used 9T here for the complex conjugate of 1/ instead of ¥ to avoid confusion with right movers.
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and the central charge is 1.
J =l
under which
q(¢) = —q(") =1
and

() = huh) = 5

We could just as well contemplate as system for which

h(y) # h(¥')

as long as their sum was unity

h(y) + h(y') =1

5.6.2 bc Ghosts

Consider the action

S = 5 d?zbo-c
with .
b(z) c(w) =

and the stress tensor

T(z) = (1 —X)(0b)c — Ab(Oc)
Computing the OPE’s of T" with b and ¢ one obtains

T(2)b(w) = E i\bw)Z + . (ibw
T(2)e(w) = (1—MNec N Jc L

(z—w)? z—w
showing that the conformal weights of b and ¢ are A and 1 — A respectively.
Exercise 5.9. Show that the OPE of T with itself is given by

()T (w) = _(6?Z — D e L

The central charge of the system is then given by

c=—2(6A* — 6\ +1)
1
=1-12(A— 2)?
A=3)

41



Note that for

A:

c=1

N | —

A=2 c=-26

Without loss of generality we can take A

>
than or equal to that of ¢). Note that for A

% (so that the conformal weight of b is greater
>1

h(c) <0 and c<1
and so the theory in non-unitary. Recall that
2 €3
ILAlO) = (20h + = (n* = 1)) (O[O)

and positivity for n > 1 implied that ¢ > 0, while positivity for n = 1 implied that h > 0.
The case h = 0 implied that O could be identified with the identity operator. Actually for
bc systems, things are a bit more subtle. To see this expand

b(z) = anz_”_)‘
C(Z) _ chz,n,p”\

with
{Cn7 bm} = 5n+m70

Regularity as z — 0 implies

Now look at z — oco. Under y =1/z

b(z) — (%) A b(y) = (1) Zn: by "

= (32) et =0 Eow et

So
0lb,=0 n<A-=1
(Olec, =0 n< =\

We can then construct
22-1

<O|rC>\_1C)\_2 e Cl_;|0> 7é 0
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If we take
(0]0) =0

and 3
(0] = (0]ear ... 1

then we can define )
(0]0) =1

So we have 2\ — 1 oscillator modes which do not annihilate either vacuum. More generally,
on a Riemann surface of genus g

(# of b zero modes) — (# of ¢ zero modes) = (2A — 1)(g — 1)
where a zero mode is a normalizable solution to
df =0

and f transforms as a tensor of weight A (or 1 — \), i.e. f(2)(dz) is single-valued under
z — Z/(z). For a bosonic string, A = 2 is of interest

1 = (0|c1coc-1]0)
The ghost number current for the bc system is given by
J(2) = —:be:(z)

under which
q(c) = —q(b) =1

The OPE of two current operators is given by

J(Z)J(w):bc'ﬁbc—i-b?bc#—bc be

e —1w)2 " b(zZ)—C(fZ)) N C(ZZ)—bS:U) L

1
:—(Z_w)2+ab6+acb+"'

the last line holding because of the cancellation between the leading terms in single pole

terms. We also have
0J = —dbc — boc

SO

T(z) = %:JJ: + (A — %)&]
— —\bdc+ (1 — \)dbe
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We now consider the bosonization of the bc ghost system.

J =1i0o
1 2

S, = d*z0000
27r

The stress tensor is a little funky:

1 1

1 1,
= 28080+z(x\ 5)80

In either formulation J(z) is not a conformal primary

T (0) = s + T t Tt
ded (w) —1-7{ %6(Z)T(2)J(w> = (% — Ne"(w) + €' J +edJ

Exercise 5.10. Check that under the finite transformation z — y(z)

dy 1 d*y/dz?

I(:) =TI + G = NG

The conserved charge is given by

where C' encloses all insertions. Now contract the contour around oo:

1 1 d*y/dz?  2y?
— 2 dr———d S B
=3 T dy/dz  —y? Y

wef o (0 57)

(01Jo = —(1 = 2X){0|

So the sum of the charges of all the insertions is equal to (2A — 1). Note that the charge of
the vacuum on the left is not necessarily 0.

o may look like a scalar field but it transforms inhomogeneously under conformal trans-
formations.

SO

1

2 2
0.0 W i0,0 + (5 - )\) dy/dz

dy/dz

dz
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We assume the same for right-movers. Thus,
dy 2

1
—ilZ=x)100|22
c—0—1 ( 5 ) og |-
If one replaces o with io everywhere this is a real shift and so makes a little more sense.
Infinitesimally (and keeping only the holomorphic part)

do = edo + 2(2)\ —1)0e

So
58 = /sz o) <680 + %(2/\ — 1)ae> 6o + 0od (680 + 2(2)\ —1)0e¢ )
_ / 220 <—63080 + Lo = 1)0edo + 2(2)\ - 1)6(980—)
+0 (—eaaaa + 4(2>\ - 1)@630)
+ €0 (——aaaa + = (2/\ —1)0? )
Hence

T(z) = ——8080 + - (2)\ —1)0%0
Calculating the OPE’s we have
(1—=XNe  9(e")
(z —w)? i z—w *
e~ d(e™)

T(2)e™" (w) = Cowr T aow T

T(z)e" (w) =

h(e“)=h(e’) =1-X = ¢7=cc
h(e™™) = h(e ™) = X — e 7 =bb
In general,
. . ,
: $o(p—2X+ 1) (i)
T(2)e (1) = 2
() (w) (z — w)? t 2 —w +

If you do not like inhomogeneous transforms of o then define

5:0—%(2)\—1)1053;\/5

The log term will transform inhomogeneous to cancel the inhomogeneous transformation of
0. ¢ then transforms like a true scalar.

S, = i/d%@aéa
2m
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