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Introduction
Effective dynamics of Bloch electron

Motivation: For a large class of crystalline materials, the
equations of motion of Bloch electrons are different:

B 10&, (k)
| = ok kxQ(k)
hk = —eFE —cecx x B

Q(k) — reciprocal space magnetic field. It presents in systems:
@ breaking time-reversal symmetry: magnetic materials

@ breaking spatial inversion symmetry: surfaces, interfaces,
nanotubes - - -

Sundaram and Niu, PRB 59, 14915(1999); Marder, Condensed
Matter Physics.

Physical consequences?
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Introduction
Aharonov-Bohm effect

S _71 derecior .
Source ,f, L ’T o R— - :¢E + e
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Introduction
Berry phase

Considering a quantum system
controlled by a set of parameters that
are slowly varying with time:

H = HA®)]

At ty: [h(t1)) = [D[A(t1)])
At ty: [1h(t2)) = exp (i) [1[A(t2)])

t1 A1

A1
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Berry phase and k-space magnetic field

Ky .
ko b(@) = Fun(z)
g H(k)ung = en(k)tn
- (—ihV + hk)?
. H(k) = o + V(x)
ka
Berry phase: A-B phase in real space:
/ Dtink dk c /A(r) ds
=1 U, . =z .
¥B . k| "ok PAB 7 .
k-space magnetic field: Ag(k) =1 <unk agg’“>
o 8unk 8unk
Q = =
(k) = Vi x Ag(k) z< = x‘ - >J

o F = = DAy
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Introduction
Symmetry consideration

Oung % Ounk
ok

ok

Q(k) = Vi, x Ag(k) = 1<

With time-reversal symmetry:
Qk) = -Q(=k)

With spatial inversion symmetry:

With both symmetry:
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Introduction
Implication
Theory of everything:

2
Z [P -‘reA ()] ; ZueA(Ru Z \TZMER#\ > lTie_Tj
More realistic approach — Effective Hamiltonian
I:I:Z [PereA (ri)] +ZVee v )+ o+ 0
i i<j
Examples: BCS theory; Quantum Hall effect
With the k-space magnetic field

?

Junren Shi

44~

Reciprocal Space Magnetic Field: Physical Implications

DA



Introduction
Directions for exploration

@ Applications — the presence of an extra reciprocal field
provides new freedom for designing novel devices.

o Fundamentals — concept of phase space; effective quantum
mechanics

@ Physical effects — Luttinger’s theorem; orbital magnetization;
magnetoresistance; superconductivity...
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Implications Novel devices Phase space Quantum Mechanics

Anomalous Hall effect

Hall effect in ferromagnetic metal:

Pay = RoB + (47 M) R,
Intrinsic contribution:

* n ok
hk = —¢E E /

g}&% K.arplus, Luttinger (1954); Jungwirth,

Niu, MacDonald (2002); Fang et al.

;% (2003); Yao et al. (2004).
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Implications

Anomalous Hall insulator

Novel devices Phase space

Quantum Mechanics

2

e dk

=-2 [ ok
TAH =T, /F 2 )
For a fully occupied 2D band (band insulator):

o2
OAH = ——F

h

/ A’k (k) = 2nC,,
BZ
Quantized anomalous Hall effect:

2

e
OAH = _%Cn
Protected by the band gap, extraordinarily robust!
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Implications Novel devices Phase space Quantum Mechanics

Design an anomalous Hall insulator

Objective: A 2D ferromagnetic band insulator

o A ferromagnetic 2DEG
confined in an asymmetric Ferromagnetic
quantum well AL

@ Patterned with
non-magnetic rings arranged
as a triangular lattice

@ Electron density tunable by
the gate voltage

Parameters: Strength of Rashba spin-orbit coupling; Exchange
interaction between electron and magnet; Lattice constant; ring
radius
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Implications Novel devices Phase space Quantum Mechanics
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Implications Novel devices Phase space Quantum Mechanics

Breakdown of Liouville's theorem

Liouville’s theorem: Ensemble density k
in phase space is conserved.

=
AV(tz)
AV = ArAk /
1 dAV ()

AV A =V x2+Vi- k=0 Havt) )
With k-space magnetic field:
1 dAV(t) g
t
avoar 7Y []
o ﬁm) #av(n)
AV(0
AV (t) =
T+ (/W) B - (k) Wy
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Implications Novel devices Phase space Quantum Mechanics

Non-uniform phase space

Phase volume of a quantum state:
(2m)?
1+ (e/h)B - Q(k)

Statistical Physics — Phase space measure:

(2m)¢ —-

D(r k) = (Qi)d - D(r k) = (271r)d (1+%B-Q(k))

Physical quantity:
(0) = /drde(r,k:)(’)(r,k)f(r,k:)

f(r, k) — Distribution function
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Implications
Physical effects

Novel devices Phase space Quantum Mechanics

Fermi sea volume:

/ dk
Ne =
Vp+6V,

e
Gy (1+7B~Q

€
Vp=—= | B-Q
hJve %3 Ve 46V
Luttinger's theorem breaks down! )
Orbital magnetization:
dk
E(B) = 1+ —-B-Q)[eo(k) — B-m(k
(B) Vitove (2m)4 ( h >[0( ) mik)
__8_E_i dk ,<8unk
~ 9B 2nl)y, 2mi'\ ok

[Z,u —e(k) — ﬁ] ’ it

ok >J =N
Confirmed by: Thonhauser, Ceresoli, Vanderbilt, Resta, cond-mat/0505518
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Implications v Phase space Quantum M

More physical effects

Density of states at Fermi surface and specific heat:

p(u,B) = /% (1+%B-Q)5(e(k)—B-m(k)—u)

7T2 )
Ce = ?kBTp(/UB)
Magnetoresistivity in linear B:

Oz = 62P(Ma B)U%(/% B)7(n, B)

V(1) = B - [9m (k) /Okr]
1+ (e/n)B-Q

1 K’ e koK
LB /M(27r)d (1458 2) Wi <1_ 2 )
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Implications Novel devices Phase space  Quantum Mechanics

Effective quantum mechanics

Conventional: LO0Y . e
ihe = [5n (—zv + EA) . eqb(r)] "
With k-space magnetic field:
N €uny$ly
. . ) R AT Y
H = &n(k) — eo()
[l% i | = —i (e/h)€un By
oy 1+ (e/h)B -
[i‘ ]% ] . .5uu + (e/h)BHQV
w14 (e/h)B - Q2
2 = 0 — Pierles substitution: B=0:
. . J e . .0
k— —igot 7—1A(r) P gt A (k)

General case: Quantum mechanics in non-commutative geometry
[m] = = =
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Implications

Many-body Hamiltonian

Novel devices Phase space

Theory of everything

Quantum Mechanics

[P + eA(r;)] ZueA(Ru Z,e2 e?
H =
> Z Z m— R, T
i Iz
More realistic approach
H =

= ri—m;

)

+ eA (1)
Z [pz i +ZVee _TJ +He ph+H
With the k-space magnetic field:

1<J
i Z h2k2

+Zvee

1<j

)+ He—pn(7) + Hyp,
[P 7] # 0
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Implications Novel devices Phase space  Quantum Mechanics

Superconductivity — Boson exchange mechanism

Theory of superconductivity:

@ Electrons develop attractive interaction
through exchanging bosons (collective
excitation).

boson

@ Cooper pairs

Bosonic excitations responsible for the superconductivity:
@ Phonon — conventional BCS superconductivity
@ Charge density wave — Kohn and Luttinger, PRL, 1965

@ Spin fluctuation — 2He; heavy-fermion superconductors;
high-T,. superconductors? ...
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Implications

Novel devices Phase space  Quantum Mechanics

Ferromagnetic superconductors

U GGQ
60
R
“wl To UGe,
A > ~
g 40 N
> N
S . &
® Ferromagnetism \a
g \
£ \a
o 20 . \
= Superconductivity A
10 Tgg 4
" \
Y
0

0 1
Pressure (GPa)

Sexena et al., Nature, 2000

Prevailing picture: Attractive e-e interaction induced by the
enhanced spin fluctuation near a quantum critical point.
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Pfleiderer et al., Nature, 2001
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Implications

Spin fluctuation?

Novel devices Phase space

Quantum Mechanics

Puzzle: The superconducting state is only observed in the
ferromagnetic phase, not in the paramagnetic phase.

Theory Experiment
T T
PM PM
FM FM
SC\/SC N\ SC -
R P R

Alternative theory?
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Implications Novel devices Phase space  Quantum Mechanics

Effective quantum mechanics

Quantum mechanics in non-commutative geometry:

S . Eun(d .
B = B et
P - (e/h)eur By

fp by = —i—m LDy

s K TremB-a "’

~ > o .5uu + (€/h)Bqu .
e I Y Y R VR

Zero B field limit:

X .0
.Z‘“ — Za—ku + A“(ki)

Electron-electron interaction:

Vee(i — xj) — Vee(Ti — 25)
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Implications

Novel devices Phase space

Electron-electron interaction — Classica

Quantum Mechanics

picture

Scattering between two electrons:

—vg
' ~ h Ok «
hk = F.(r—7')

— v,
Ur

F'UQ =—FxQ
“Screw” scattering — transient pairing of electrons with finite
angular momentum

Superconductivity with unconventional pairing?
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Implications

Novel devices Phase space
Quantum approach — Second quantization

Quantum Mechanics

1
V=%

Z u(k, k'; K)CK+k/cK ) CE RCE g
kk'K
u(k, ks K)

= v(k — k)eiv(%ﬂc’,%+k)+iv(%—k’,§—k)
Aharanov-Bohm phase under the

k-space magnetic field
kl
v(k, E') = A(k) - dk
k
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Implications

Novel devices Phase space
Application to a simple ferromagnetic metal

Quantum Mechanics

Model: An isotropic two-dimensional ferromagnetic metal with a
constant topological field Q, (k) = Qo
Bare electron-electron interaction:

o) = Voexp[—m;mr:(\/r2 +a? —a)]

(r/a)?+1

Berry phase:

1
v(k, k") = iﬁokk" sin ¢
Effective e-e interaction:

u(k,k'; K = 0) = v(|k—K'|) exp [iQ0kk' sin§] = Zum(k, k' )etm?
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Implications Novel devices Phase space  Quantum Mechanics

Effective electron-electron interaction
For channel m: k, = krr//1+ krra, ¢o = Qok?

(k, k) I (3 /1 0) 1#al <1
o (~1)™ T (S sgn(d0) /63— 1) |éal > 1

Attractive interaction: 0413 m=-1
o |Q|xz > 1 ﬁooz- m=0 -
4
@ m is odd =3 ]
. 3E
@ The angular momentum is

parallel to the Q-field.

More realistic model:
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Implications Novel devices Phase space  Quantum Mechanics

Superconductivity

1 tanh Z£F)

Alk) = —3 D ulk, k’)Tk,;A(kz’)
-

Pairing is determined by the most attractive m-channel.
6

a4 Normal Metal P A

o | PN (0

S) S ©) ~ 176
=3 P kT,

S ~

£ o

Ap(0) ~ (ertep)

1
_ Xexp | —————
0 1 2 3 4 5 pFU(€F, €Er
eF/sB
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Conclusion
Conclusion

Reciprocal space magnetic field:
@ Design novel transport devices — anomalous Hall insulator
@ Inhomogeneous phase space — Breakdown of Luttinger

theorem; Fermi-surface related phenomena; orbital
magnetization...

@ Quantum mechanics in non-commutative geometry —
Unconventional superconductivity in ferromagnetic metals...

Collaborators: Q. Niu and D. Xiao (UT-Austin)
Publication: Phys. Rev. Lett. 95, 137204 (2005); More is coming
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Conclusion
Conclusion

Reciprocal space magnetic field:
@ Design novel transport devices — anomalous Hall insulator

@ Inhomogeneous phase space — Breakdown of Luttinger
theorem; Fermi-surface related phenomena; orbital
magnetization...

@ Quantum mechanics in non-commutative geometry —
Unconventional superconductivity in ferromagnetic metals...

Collaborators: Q. Niu and D. Xiao (UT-Austin)
Publication: Phys. Rev. Lett. 95, 137204 (2005); More is coming

Thank You For Your Attention!
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