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1 Preamble

The PowerPoint slides shown in the last group meeting were designed to
barely provide an outline of the topics to the audience. This document
completes to an extent the content of the slides, in a way that the combination
of both should resemble what the speaker said.

2 Original Motivation

In the 1960s, it was shown by experiments that the transition from super-
conductor to normal-metal was not sharp but smooth on “thin”! wires.

3 Thermal Fluctuations

The true ground state of a superconductor is the one in which no current
is flowing along it. All current carrying states in a superconductor are thus
metastable, and their lifetime becomes experimentally observable for thin
enough samples because

(i)the free-energy barrier is proportional to the number of particles in the
sample,

(ii)there are significantly less particles in a wire than in a bulk sample (for
constant density), and

(iii) the resistance is very sensitive to changes in the energy barrier (expo-
nential dependence).

!meaning “much smaller than the coherence lenght of the bulk superconductor”



Langer and Ambegaokar proposed in 1969 that large thermal fluctuations
can overcome the free-energy barriers, and drive (on average) the system to
a state in which the superconducting phase difference between any two points
in the wire is smaller (and hence the supercurrent is smaller). Eventually,
the phase will be uniform in the wire (zero current), which corresponds to
the absolute minium of free energy.

As the current in the wire is decreasing on average, there must be an energy
flow outside the wire (energy conservation). One can say that the wire is
“dissipating” energy at a rythm that can be quantified by a “resistance”.
Now, why do we have free energy barriers? We could answer to this in many
different ways, but here we choose to draw an analogy with magnetism.
Consider a ferromagnetic domain whose spins get aligned when 7' < Ty pie-
In absence of anisotropies, all the directions of alignment are energetically
degenerate; analogously, the global phase in a superconductor is irrelevant.
Thus, rotating all spins synchronously will not cost any energy; however, if
we want to rotate (say) one spin by keeping the rest fixed, we must do work
against exchange interaction. Analogously, if we want to change the rela-
tive phase between two points in a superconductor, we must pay an energy
bill. It turns out that the cheapest way of achieving this is to destroy the
ferromagnetic (superconducting) order in some intermediate region (a “do-
main wall”), with all spins in the left aligned in one direction, and all the
spins in the right aligned in the other relevant direction. Thus the barrier
accounts for the domain-wall (condensation) energy. It turns out that almost
always ferromagnets have some preferred direction (easy-axis).2 Would it be
interesting to envisage superconducting wires in which certain global phase
is favored?

The theory of thermal phase-slips describes accurately the onset of resistance
in the neighborhood of critical temperature. However, it cannot account for
the resistance observed at lower temperatures. Even as the temperature
tends to zero, one can measure resistance in superconducting wires. More-
over, such resistance can be large enough so that the sample behaves as an
insulator!

2 Note added in proof: I am reconsidering this picture, which seems too simplistic...



4 Quantum Fluctuations

A natural candidate to contribute to the resistance was the quantum tunnel-
ing through the free-energy barrie. The origin of this phenomenon (which ex-
ists even at zero tempertaure) is the Heisenberg uncertainty principle, which
in this particular case arises from the fact that the hamiltonian of the sys-
tem does not commute with the superconducting phase. Depending on how
“good” or “bad” they commute, we can think of solid-state analogies ranging
all the way from the tight-binding model to the free-electron gas.

Aside: here we are talking about the quantum tunneling of a macroscopic
variable (a variable that involves billions of Cooper pairs). It should not be
obvious that such thing could even exist, for it rests on the applicability of
quantum mechanics at the macroscopic level, an assumption that was largely
untested until quite recently (more on this below).

We can define the total resistance as the sum of the quantum and ther-
mal resistances (these two processes are independent from each other). The
thermal fluctuations will dominate in the neighborhood of the critical tem-
perature, whereas the temperature-insensitive quantum tunneling will be the
main contributor well below the critical point.

The naive WKB estimation gives only a rough quantitative agreement with
experiments, for the coupling between the system and its environment must
be taken into account! It turns out that the inclusion of dissipation is as
delicate as fundamental, since it opens avenues to new physics...

Note: as far as I know, nobody among the “magnetism people” considers the
role of macroscopic tunneling in the dynamics of domain walls...would it be
interesting to further study this?3

5 Digression: Simple Systems

Josephson junctions are simple, because they involve only one relevant vari-
able, namely the phase difference between the two electrodes (and, of course,
its conjugate variable: the charge). Besides, there are two parameters (charg-
ing energy and coupling energy) that determine the behavior of the junction.
When we bias the junction with an external current, there is an additional
coupling term in the hamiltonian, analogue to the one between the magneti-

3 Note added in proof: 1learned that some people did consider quantum tunneling (see,
for instance, J. Appl. Phys. 73, 6703 (1993)



zation of a ferromagnetic domain and the applied magnetic field. Josephson
junctions and SQUIDs are simple enough to be manipulated and engineered
with relatively great accuracy; indeed, as they are quasi-macroscopic systems,
they become good candidates to study macroscopic quantum tunneling.
Somehow, the whole point of having a JJ is to be able to decouple the phases
between two different superconducting regions. In that sense, the situation
resembles LA theory.

6 New Physics

The incorporation of dissipation can change the picture of quantum phase
transitions in a qualitative way. We will illustrate this by considering the
case of a single Josephson Junction.

In absence of dissipation, the ratio between the charging and phase energy
determines whether the ground state is insulating or superconducting. If
E¢c >> Ej, the charge in the electrodes is well-defined, and hence the phases
(the conjugate variable) are ill-defined. Therefore, the junction acts as an
insulator. On the other hand, when E- << E;, the phase nearly commutes
with the junction hamiltonian, and thus is an approximate constant of the
motion. Conversely, the charge in the electrodes is not fixed, i.e., it travels
through the junction. Clearly, in this case the junction acts as a supercon-
ductor.

When we include dissipation, these two parameters become largely irrelevant,
and the phase transition is entirely determined by the normal resistance of
the junction (we define the normal resistance as the resistance of the super-
conducting electrodes at their critical temperature). How can we reconcile
these views? How is the strong dissipation limit different from the weak dis-
sipation limit? Shouldn’t the latter be close from the dissipationless case? Is
it possible that the normal resistance depends on the E¢/E; ratio?

This issue has implication not only in superconducting systems, but also in
quantum hall systems.. Besides, it has practical applications in both quan-
tum and classical computation, for it determines the minimum thickness of
wires that allows a reliable operation.



7 Dissipation (I)

Every system (except perhaps the universe itself) interacts with an envi-
ronment. If we consider the whole system+environment, its evolution is
determined by the Schrodinger equation (assumption: quatum mechanics is
universally valid). This evolution is unitary, and hence reversible; in other
words: dissipationless. Now, if we focus only in the system degrees of free-
dom, and neglect the environment (either because it is not interesting, or it
is too complicated), we clearly find dissipation (e.g., non-conservation of en-
ergy of the system). In this case, the evolution of the system is not unitary;
it is not described by the Schrodinger equation. The concept of dissipation
seems thus “observer-dependent”. And so are the concepts of coupling and
measurement. A measurement is nothing but a readout of a macroscopic ap-
paratus that is coupled to the microscopic system of interest, in such a way
that the state of the apparatus and the state of the system are correlated to
certain degree. Thus, we can imagine the environment as an ommipresent
apparatus, or in other words, we can say that the environment “measures”.
We are mainly interested in a quantitative approach to the dissipation. In-
deed, we have shown that dissipation can qualitatively change the picture of
quantum phase transitions, and thus it is crucial to know how to model it.
The approach depends on our knowledge of the environment. For microscopic
systems, we often know how the system couples to the (nearest) environment
(e.g, atom-photon interactions in a cavity QED), and hence the resolution of
the problem is in principle straightforward. On the other hand, it is common
not to have an exact analytical idea of how macroscopic system couple to
its environment (there may be many different contributions, each of them
involving many degrees of freedom). In these cases, one uses the knowledge
of the classical equation of motion of the system (which is often available) to
make a phenomenological microscopic theory. The most succesful method in
the later case is the one proposed by Caldeira and Leggett.

8 Dissipation (II)

As we pointed out above, it is not a priori obvious that things like macroscopic
quantum tunneling can even exist, for they imply that quantum mechanics
is applicable to macroscopic bodies. Caldeira and Leggett assumed such ap-
plicability, and calculated the rate of tunneling when dissipation is present



(that is, when we focus only in a small part of the universe). Their main
conceptual contribution was to describe the environment as a set of har-
monic oscillators, based on the assumption that the environment is weakly
perturbed by the system (which does not imply that the system is weakly
perturbed by the environment). In few words, they showed that the dissipa-
tion reduces the tunneling rate, thus allowing for a possibility of macroscopic
quantum tunneling. This result explains why dissipation helps superconduc-
tivity. The results of Caldeira and Leggett have gotten experimental credit
in recent years, in which macroscopic quantum tunneling and macroscopic
quantum coherence have been experimentally observed and measured.

9 Appendix: outline of the Caldeira-Leggett
model

In this appendix, we briefly review the role of dissipation in the tunneling of
macroscopic variables (such as the magnetic flux threading a SQUID, or the
superconducting phase across a JJ).

Let

lin >=metastable state localized in the local minimum of the potential
energy

|out >=state in the continuum outside the metastable minimum.

The rate of tunneling is

I'=>"|<out|Ulin > |? (1)

out

where .
1
U= G.Tp[—ﬁ/Hsyst—{—envdt] (2)

If we know the hamiltonian of the system, the problem is formally solved.
The unitary evolution can be visualized as a density-matrix operator in imag-
inary time. We can proceed by integrating out the degrees of freedom of the
environment? , and this gives us the effective action. Eventually, it turns out
that

[~ eapl- 4] Q

4this is straightforward in the linear-response model of CL, since only Gaussian integrals
are involved



In the simplest case of the Caldeira-Legget model, the lagrangian is given as

1. . 1 . 1
L= Lsyst+Lenv+Lint = §Mq2 - V(q) +Z(§mjmj2 o émﬂw‘?mf) _qz ijj
J J

(4)

where C}, m;,w; are unknown parameters. Now, if we require that the

Lagrange equations for the system and environment yield the (often known)
classical equation of motion

. . dv
Mq+7q+d—q= eat (5)
then it turns out that the unknown parameters can be characterized com-
pletely as a function of the phenomenological damping constant +.

Eventually, the phenomelogical damping constant enters in the effective
action in such a way that the tunneling rate is reduced with respect to the
dissipationless case.
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