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Thewell-known Maxwell—Vlasovequationsthatdescribea collisionlessplasmaarecastinto hamiltonianform. Thedyna-
mical variablesarethe physicalalthoughnoncanonicalvariablesE, B andf. We presentaPoissonbracketwhich actson these
variablesandthe energyfunctionalto producetheequationsof motion.

Systemsof partial differential equationsthat pos- Poisson—Vlasovsystem.Finally a formulationof this
sesshamiltonianstructureare of greatimportancein reducedsystemwith thedistribution functionasthe
physics.Historically, thefirst stepto quantizationhas sole variableis presented.
beenthe recognitionof classicalhamiltonianform. Weconsiderthe following equations:
More recently,theunderlyingHamiltonianstructure —

of equationssuchasthoseof Kortewegandde Vries
[I], BenjaminandOno [2],and Benney[3] have rE~(x,t)=VXB(x,t)— e ivf(zt)P(zlx)dz (2)
beendiscovered.Fortheseequationstheuseful va- a aj a
riablesare noncanonical.In additionthe useof non- 1

canonicalvariablesin discretesystemshasbeenof afa(z, t) e~ar
f~(z,t)=—u-—— —-—J[E(x,t)

practicaladvantage[4]. Recently,the equationsof ar ma
eulerianhydrodynamicsandideal MHD havebeen R

2

shown to be liamiltonianin termsof thephysical ~f (z, t)

althoughnoncanonicalvariables[5]. The greatdiffi- + uX B(x, t)1 —s---—- P(zlx)dx . (3)
culty encounteredwhenattemptingto castthe
Maxwell—Vlasov systemintohamiltonianform has Eq. (1) is Faraday’slaw; eq.(2) is Ampere’slaw with
beenin the searchfor a setof canonicalvariables.This the inclusionof the displacementcurrent.(We use
difficulty is compoundedby thefunctionalcoupling rationalizedgaussianunitswith thespeedof light set
betweenfunctionsof field variablesandfunctionsof to unity.) The remainingtwo Maxwell equationswill
phasespacevariables.Wehavecircumventedthis pro- taketheir usual role as initial conditions.Eq. (3)is the
blem by producinga Poissonbracketin termsof the Vlasov equationwhereea andma arethe signedcharge
noncanonicalvariables,fa(r, u, t), E(x, t) andB(x, t). and mass,respectively,of speciesa. Formally,we treat
Here is thedistribution functionof speciesa,E is as a functionof the phasespacevariablez (r, u)
the electric field andB is themagneticfield, while E andB are functionsof the field variablex;

In the following we informally definethemathe- hence,we haveusedthe operatorP(zlx) 6(x —

maticsunderlyingwhatis meantby acontinuous where~(x) is the Dirac delta function, in thecoupling
hamiltoniansystem;the mathematicsis tailoredto termsof eqs.(2) and(3). The regionof integration
the systemat hand.Theimportantresult is essentially R1 AX R

3 whereR = (_oo, oo) andAC R3. R
2~A.

the Poissonbracketdefinedby eq.(9). This is the We seekto representtheseequationsin the form
bracketfor the full Maxwell—Vlasov system.A reduced
form of this bracketis then shownto producethe = [Xi, H], i = 0, 1, ..., 6 , (4)
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where withx1arz,x2nx,i1= 0 and12 = 1,2,3. The sub-
— . — script k on x~meansthat Fa is in generala function

X
1 fa for t — ü of all partialderivativesofx~of degreek. Clearly the

E, for i = 1, 2, 3 , hamiltonianfunctionalH{~~)is of the form of eq.(7)
with k = 0. ~2also containsarbitraryC°°functionsof

~B for i4 5 6 . . i.
Xk for all i. In eq. (6) the quantity~FI~X is the func-

thehamiltonianfunctional tional derivativeofFwith respectto x’; it is defined

by

~f ~m~v2f~dz+f~(E2+B2)dX, (dIde)P{x°(z)+ ew(z)}1
6_0

aR R
andsimilarly for i ‘�~0.Observew(z), ~F/~x° E

andtheoperator[ , ] is thePoissonbracket(which andfor i ,�r 0 ~F/6XiE0)2. [Note6~°(z)/6~°(z’)=

is complicatedsincetheX
1’s are noncanonical). 5(z — z’) and6xi(x)I6xi(x’) = ~(x —x’); sincefor the

Before presentingthe bracketwe now lay some hamiltoniank 0, functionaldifferentiationreduces
groundwork.Supposethat the solutionsof eqs.(l), to ordinarypartial differentiationof its integrands:
(2) and(3) are containedin a vectorspacew = ~i ~t~I~fa=~mau2,6H/6E = Eand6H/~B= B.] The
X w

2 (over R) which is the directproductof sub- bracketdefinedby eq.(6) is a bilinear functionwhich
spacew~whoseelementsare functionsof z, andsub- maps~2X ~2to ~2.In additionwe require that the
space~2 whoseelementsare functionsof x. Then ob- operatorO~/endowour bracketwith the following
servethat the operatorP(zlx)is usedin eqs.(2) and properties: -

(3) to map elementsof onesubspaceto the other. (i) [F, F] = 0 for everyFE &2. Since~is defined
Now supposethat w is equippedwith the following over R this is equivalentto [F, G] = — [G, F] for
innerproduct fr ~

(ii) TheJacobiidentity

~Ih) f g1h1dz + fg2h2dx, (5) ~, ~ + ~p,[ö,È]]+ [~, [E,fr]]=0,
R1 R2

for every E, F, G E ~2.
whereall g E w havetheform g (g1,g2) suchthat Clearly thesearethe usualpropertiespossessedby a

E ~i andg~Ew~.(Clearlyeq. (5) satisfiesthe ne- Poissonbracket.A vectorspacetogetherwith a bracket
cessaryalgebraicpropertiesfor an inner product.)We which has thesepropertiesdefinesa Lie algebra[6].
defineour Poissonbracketin termsof this innerpro- ~ summary,by a hamiltoniansystemwe meana
ductanda skew-symmetricmatrix operatoron w as systemof partialdifferential equationswhich possess
follows: an integralinvariantanda bracketwith properties(1)

- and (ii), suchthat the systemis amenableto theform
[P,~] = ~FI~XhI0i1~GI~X1). (6) of eq. (4).

We now introducethe following operator(co-

The quantitiesF andG are elementsof &~a vector symplectic form):
space(over R) of Frechetdifferentiablefunctionals 2 fi
of thefunctionsfa,EandB[differentiablewith respect —U0~} ~ ~E ~
to theL

2 normdefinedby eq.(5)]. For examplecz
containselementsof the form (oil) = I 03 D . (8)

fr{xFl{X~~+P
2{xi}, i�0, (7)

L’~B H D 03 J
where

This is a 7 X 7 matrix operatorwhich mapsw into w.

F {Xi} = f F (x~,x~)dxc, ~ = 1, 2 03 is a 3 X 3 arrayof zerosandD [ei/k(a/ox/)] where
R El/k ~5 the Levi-Civita tensor. The braces in the upper

a left handentryare usedto indicatetheusualPoisson
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bracket{g,h} = ag/ar ah/au—ag/au.ah/ar. This ~ i-~2(-~-~)dx
entrymapsw~into w~.Thelowerright handblock [F, Ô]2 ~ ~ “E

6fa

(delineatedby the doublehashmarks)maps~2 into a R
2

~ Theoff-diagonalelements -

+ f 6F~.2(~G\

6B Bp2~1=~f(.Y~’-~Pdx, R2E m au
aR +f(~.VX~~c.VX~P)dx. (11)6B 6B

and R2

e~~ (afa )Pd SubstitutingtheX
1 andHintoeq.(9) renderseqs.(1),(.) X U X (2), and(3) in theform of eq.(4). Observethat theB ma R

2 first termof eq.(10) yieldstheVlasovequationwith-

out thecouplingterm; the last termof eq.(11)yields
sendelementsof ~2 into The off-diagonalele- theMaxwell equationsin vacuum.The remainingterms
ments

yield thecoupling terms.

p’~
2 ~ f(S)_L~Pdz, Neglectingall thetermswhich containB in eq. (9)

andH producesa bracketfor theVlasov—Poissonequa-aua R
1 tions [i.e.,eqs.(2) and (3) with B = 0; theconstraint

V X E = 0 is requiredof functionalsof ~]. This system
and

canbe furtherreducedby eliminatingE in theVlasov
ea (afa ) equationin termsoffa

4~’.The bracketthusobtainedis
p1~2_~f(.) —Xv

B m
(6F 6O1

[M] ffa(Z)
1~ ,— ~dz. (12)

sendelementsof w~into ~2’ a R1 a &t’a

Since0i/ is skew-symmetric,property(i) is satis-
Fromeq.(12) we obtaintheVlasovequationin thefled. We haveprovedthe Jacobiidentity for thefirst
form

andlast termsof eq. (9) below.Forthe crossterms
we havedonesofor a classof restrictedfunctionals

6fa r&ra 6HE1
of theform of eq.(7) with k = 0. (Theseproperties = [~‘ ~7j = ~fa’ H~}
dependuponintegrationsby partsandsubsequent
neglectof surfaceterms.WerequireF

1(z,x~)to where
vanish as Iu~-+ for all elementsof ~2.The surface
termsobtainedby spatialintegrationsby partscan HE Ua} = ~( I H~(Z)f~(Z)dza
also beassumedto vanish [7].) Writing outeq.(6) we
obtain

[F,a] = [F,~] i + [~ ~]2’ (9) ~ f fa~)fa~’)H~’) dz
R1 Ri

where
= ~m~v

2andH~= e~/Jr— r’I.H is the particle

[F,G]
1 ~ (I fa tI6F 6G’( hamiltonianwhich we observe,H =,~1dz

a a

f~±p2-÷1.(~)d
z

6f E 8 E This reduced form was derivedby Allan N. Kaufman in
R1 a

collaboration with the author while both wereguestsat the

— ~‘ 6f B ~)dz~, (10) AspenCenter for Physics.It hasbeen brought to our atten-tion that J. Gibbonshasindependentlyobtained this re-sult [8].R1 a
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