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I , Int r od uc tion 

To utabl1th .tabl lity, t h., LF ",uhod 1- ) nUn on th., .,><1It.,n,,1 

at con.l r v.,d quantit i es t hat an used to bound t ha gro"' th o f 

pe r tu r bationa trOll .,quUibriu", . Th i s ",.,thod has be.,n us.,d t o .ho'" 

11ne~rll z .,d .tlbility o f pl •• ~ a nd f l uid equl11br i a .
4- 6 He r e "'I 

pr.sent an Ilao r ltluo. for provbs nonlinear s tablUty b.sed on th., LF 

",.,thod ullng t he CP8, o r nonc.nonie.' Ka~iltonian fon:.li... One find . 

there . r e o ften C •• i.ir func ti onal. t hat 1'ol •• on co .... ute ., t t h all 

(un"tlonll5 and these en.ble one t o ob t a i n varlatlon.l principle. for 

equilibria of various !ta:alltonl a n theo r ies. These equilib r ia cln t llen 

be t es t ed fo r linear Lla Dunov stabiUty and, tn ,.any fl uid and pln",a 

non l inel ' Habil1ty (stabll1 ty Unite 

pertu r bations) lias been proven . For R.'lHD , .m lch h a sys t e", used fo r 

t okama k .. odeL1ng,t O ue find expl1c !t cri:eria f o r nonlinear .tlbility 

of Cr3d-Shlfranov equil l brll and equili bria ... lth poiolda l flo ... , 

lnciudlns nonlineDr Alfvln ... aves. 

reDIL.tl" tokl .. ,k Iya t e ... I. tr@ated . 9 

2 . CP8 Fo""al1." 

The CPB fo ..... I1 ... uses a coose rved functional H (H.",U t on lan) 

tOaether " lth 1 Poillon bncktt OlH'utor On pain o f func tion"h to 

rep r asent field equat ions In tile fo .... 

( ~ , t ) • (.,l,HI t _ I , . , . ,N • (1) 

wllere the .,1 denote the H eld "ol>pone nts , and the C1'8 , { • I 1s 

(1) bll1nea r, (11) an t lsv"",et ric, ( lit ) sati sfies tile J 'co bi identity, 



• the CPS yields che requisite (:anstants. The stability analyth 

~ ~".entld her. IlleS the ene ~ &'f and th .. C • • {coln , but we nOCa that 

addit i onal conetant. aueh as ,"o .. en t um """'I a lso bo. ut ili zed when 

addittonal .ycm~trlel are o r esen t. 

B. [qul1 1h.la a . e obtained f raa • ...arlatlonal prine!pl" t ha t 

employa the Ra .. Utonlan and t he Cul::1tn . Evidentlv trOll £'1 ' (I) 

"<luUibria occur for ~ luch that 1.1 ,RI _ O. 1f we he C denot. a 

linear corablMtlon of the ca.s1:du , th"" {.-l .Il - 0 , "hen t i H+C . 

£qull1br ll oc.;.u[ " hen the Hrst varia t ion of I vanishes; I . e ., 

(2) 

UsuaLly C. ,I=I . I Involve fr ee func tions , so • whole el... of 

equilibria I. of t en obtained by thl. step . 

C. Unear subillty, 1. e •• stabili t y U,f!nitui...,.l 

pe rturbations 6. about • • ., . can be shown by taking t he second 

"ulatlon of £q . (2) . this "ldd. a quadrat ic fo ..... in 6-.,1 . 

Definiteness of thls foOl iaplies stabt!Hy o f t he llnearhecl 

equations, but cloes no t ,ua rant"" stabili ty to finit e pe rtu r blo t lont 

fo r clyna .. lct go"" r n"cI by par t ial cl lf feren tia l equations . A f u rthe r 

cond ition . s .... "Ua". ca ll"d s trollS positi"ity, I s requlr"d. Th!! 

aaountt to • con""xity e, tlaate, '~hlch ' .. , treat I n the n"xt t e"p . 

I 



O. Sho", lnl non l1near Habil ity requires cons tructing a nona f o r 

the 10lut!on apace o f t he .y.te~. Th!s ",Ill be .cc~pllshed if o ne 

can fi nd ~uad ratt c fo T'1u Q1 and Q! that satisfy the follo"' lng for 

.11 Hnl te 4;, 

• 

" (,. ) 

• 

" ()b) 

Oc) 

Hndlng ", condi ti ons '"' t he equilib ria '" sa tl .fy 

£qs . 0.) Dnd Db) Is typically not dlfftcllit . but the pOl lt !y!ty 

condltlon Eq . 0,,) "In require so",e Ingenuity . To lee "'hV thl . 

"on.t r uctlon gives sub ility. no t e that I In step e Is a cons U nt 

of 1I0tlon ; .0 

1~;,2 , I ['<tl) I [ ~e J OI[ ~el • 
~«: t l 

• • I[o( t-o)1 . t[ ;e l 

,. i 14+01 , ( ' ) 

",hen ~t<t'"O) ~ 4.0 , ThlIS . t he no = of the I't' rt u r baUon, '4.,2, II 

bounded by a cOnS tant lor all tille . Suppose t h i s constan t i l lull 

.. lien 14'" 11 ""a U. (This h proven eas ily by put t ing ~uadntlc 

upl't'r bound. on the quantity t[4; ) In Eq . ( 4 ) . ) Then, the 

equllibrlu .. 'e I s t'lot'l l1nearly Uapuno" suble as defined .... bove . 



4 . R.'iHD 

(5' 

"he~. ,( r,e,e ) I s t he kelte .. l flux, U( r, e , t) 1s the s eala r y o rticlty , 
, 

U • 9-~ . eon.e rves {f,1'l1 • • - I( fr8e-f e&. ) , 

energy, K . lj (19. 12 , -
J • il. sod 

+ 1~.1 2)dt . • rdrdS . The CPB fo r 

Eq. (5) is tha Lis-Poilson brac~.t associated t o. t he s.~ldlr.ct-product 

Li e gr oup o f canonica l t[.n.fo ~atlon5 acting on {unctions 

hf!!1ce i t l euilli rs are k nown to be C 1 • J F{ (I) d rand C2 • f llC( (I) d t , 

·~ h" r e rand C 4rt arbitrary s,".,o[1I functlons o f t . Varying the 

(6) 

, ,~ <.thld. ., o btain ", IIqulllbri= cond i tion. • -C( .) '0' 
92• - (92C)(;", _ F. - O. ,~ spedal caS.' are o f Interest : (" C ! 0 , 

" ttlch yields ", ."m Cnd- Shaf ranov equation ,z. _ F., 00' 
( II) CCt) • t . vh h:h I .. plle. F • COl'Istant and ","~ . In t he latte. cue. 

t he specific f o .... o f • h no t fu rt her const r ained . The c •• " ... 

co r r •• pondl t o tlo" at the poLo i dal Alfv~n ,peed and can be i nt e r pr eted 

as nonlinear Alfv~n " aves in the .. ave fra lle. \Ie shill l nvel t lgate 

nonlinear Itability of a c lass tha t inc l udes both (1) and ( il ) . 



Taking the ... cond va ria tion of I and rea r ranging [ t na. ylt l d s 

02 I . (6 •• ~.}2 . J (1.!6~ - .!(G$6.)1 2 '" 1.!6.1
2 

(l - GV 

'" (U)2[G •• v2G + F$. + G~ • (G$~.)J}d T 

Thh "uant lty " definit e .. , 
I n ea se (0 t h.e la t te r condition 

be eo .. e. r •• > D. ""I eh I s II uve r" re s tr ic tion (lionotonl clty) on the 

helical curren t ; IIhlt. '" eas e ( 11) •• 

~ and .. can each gro ll arbi tra rily l arot" ; ~ owever the i r di ffe r ence Is 

bounded In t ille . This Is consistent "'Ith t h.e k ink .. ode Ins tability 

that R.'lHD Is I<no\olll t o poness . " 

Resonan t kink 1I0 des ( " In t e r na l I<I " k5" ) c a n occur 11 11"" " " v an ishes 

a t so .. e ",d iu • • r " ~ nd wilen 9J( • • ) does not v~ni5h , In ea.e ( I ), 

sO t ha t F •• has I pole a t rs ' To al ia" f o r such S l ngullr1ty , l~ one 

",us t r einte r p r et s t lteeae n t s conce r n i ng F •• .. S r e f e rring t o Its 

eanonlClI1 regut llr i z ll tlon , In t he sense o f Gel' r llnd . 16 

Fo r nonline a r . t ab i ll t y It Is n .. ces s ary t o s ho" convex ity , Since 

H I s al r ead y "uadrat l c , we l .. t Q\ • H. If \Ie l e t C be t h .. r igh t-hand 

side of E" . (3b ) , th"'" f o r R."IlID we o bc .. 1n 



• 

• 

-8-

If "''' assume ", functlon. F and G sathfy F, ) 'I , 

lG"" > , fg~ connants q,p , s , the n G ) Q2 ' ... hen 

Hence , ... " obta ln 

> 0 "'hen ( 1) 1'11 

stabil1 tv 15 .stablished upon 

' I and 

rega r ding 

( ti l pUe+s 

(Q ..J\ )112 ,.,' 
• o. 

•• • 
tiapunc)V 

no~ and 

turthe r requlrlng F" ' Q, 2F" t ' P and 2Gt~ , S fo r con' t an t s Q, P,S , ln 

ord H t or ll~'e ' ~"ol , " hleh e'luds i ( ~;o l 1n Eq , ( 4), to h ave a 

'I Uadrl tlc upper bound . 

In ca.e (Iil f o r .uhfn ",,"ves, the s econd variatlon analy ll. fo r 

llne8 [ l zed stability I s equiva lent t o t he conve~lty a nalysls f or 

nonUnear stablllty , since 1 I s 'Iuad rat lc . Fo r Grad_ Sha franov 

equlltbr la we obta i n nonl1near n ablllty , p r ovided F" (negatlve of the 

helical cu rrent) I s a decnas l ng functlon o f .,. ( " ith a bo ... nd on it, 

slope , .0 that 1 1 ~.o , 6"01 has a quadratlc up pe r bound) , 
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