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Given,
The Dictum: Nature is Hamiltonian,

is there a ‘platonic ideal’ for dissipation?



Overview

. Rayleigh Dissipation Function

. Cahn-Hilliard Equation

. Caldiera-Leggett Model

. Metriplectic Dynamics
e incomplete (Brockett, Vallis et al. (1989))

e complete (PJM, Kaufman, Grmela (1985))



Rayleigh Dissipation Function

Introduced for study of vibrations, stable linear oscillations, in
1873 (see e.g. Rayleigh, Theory of Sound, Chap. IV §81)

Linear friction law for n-bodies, F; = —b,(r;)v;, with r; € R3.
Rayleigh was interested in linear vibrations, F = Y., b; ||v;||%/2.

Coordinates r; — g, etc. =
d (0L oL
dt aq;/ 8(];/ 8ql/

Ad hoc, phenomenological, yet is generalizable, geometrizable
(e.g. Bloch et al,,...)



Cahn-Hilliard Equation

Models phase separation, nonlinear diffusive dissipation, in binary

fluid with ‘concentrations’ n, n = 1 one kind n = —1 the other
(971 25F 2 3 2
875 V(Sn—v (n —n—V n)

Lyapunov Functional

Fln] = /d3a: E (n2—1)" 4 % |Vn|2]
12

dF SEO SE_6F
/d3 n /d% V2 —/d3 ‘v <0
dt 5n (915 on on

For example in 1D

tll)rgo n(z,t) = tanh(z/v2)

Ad hoc, phenomenological, yet generalizable and very important
(Otto, Ricci Flows, Poincaré conjecture on S3, ...)



Whence Dissipation?

e Low degree-of-freedom system coupled to ‘high’ degree-of-
freedom system? Energy transfer or entropy production.

e Combined system Hamiltonian?



Caldiera-Leggett Model

Quantum dissipation (1981) by coupling to ‘bath’

L= (0% (92 -80%)Q?) - QZfzqz+Z (P - Pa?)

with N >> 1 and AQ? =Y | f2/w?.
Coupling:

N
Q+(*-22%)Q=- fiu
i=1
Solve g;-equation via Green’s function:

G+ (@2 -a0?)Q=-[ ard(-naw

N

Z f—2 sin(w;t)

: Z
Continuum Limit:

g(t):%/ooodwj\/'(w)sin(wt) —  ~Q — damping!




Hamiltonian Continuum Caldiera-Leggett Model

Hamiltonian:
2
Hocwla piQ Pl = P2+ ( +/ O )
+ / dz Qq(x) f (=) + [ (p<x>2 Fa@)?)].

Poisson bracket:

1A, B} =

0AOB O0BO0OA {4 JAOB JAOB
_ T _
0QOoP O0QOP 4 dqg dp  Op Idgq

Generates system with a continuous spectrum (cf. singularity vs.
infinite system size - radiation (Bloch e.g.))



ViIasov-Poisson System

Phase space density (1 4+ 1 + 1 field theory):

Conservation of phase space density:

of , O , eddla.ti 10f _

- 0
or m ox ov

Poisson’s equation:
Grx = 47 lefRf(f’%Uat) dv — pB]

Energy:

m

H:SA/Iszfdxdv+8%/rl(¢x)2dx



Noncanonical Hamiltonian Structure

Hamiltonian structure of media in Eulerian variables

Kinematic Commonality:

energy, momentum, Casimir conservation; dynamics is
measure preserving rearrangement; continuous spectra;
. — Krein's theorem

Noncanonical Poisson Bracket (K-K,L-P):

5F G oF 6
{FG}_/ [(x 5C p_/(sg 5 %

Cosymplectic Operator:

PN TR R
-~ \9qdp Oq dp

Equation of Motion:

% = (o) = j—g _[¢,£].

Organizing principle. Do one do all!




Linear VIasov-Poisson System

Expand about Stable Homogeneous Equilibrium:

f=fo(v) +6f(z,v,t)

Linearized EOM:

0o f 00 f e dolx,t; 6f]0fo
—+ %_I_ ox Ov

=0

Sbrr = 4776/R5f(a:, v,t) dv

Linearized Energy (Kruskal-Oberman):

// ”(5f)2 dvdx+8i7r/ﬂ(5¢x)2dm




Linear Hamiltonian Structure

e Because noncanonical must expand f-dependent Poisson bracket
as well as Hamiltonian. =

Linear Poisson Bracket:

SF 6G
55 66 f

{F,G}Lz/f()[ ] dx dv |,

where § f is the new dynamical variable and the Hamiltonian is the
Kruskal-Oberman energy, Hy. The LVP system has the following
Hamiltonian form:

88 f

EZ{CSJC,HL}L,

with variables noncanonical and Hjy not diagonal.




Linear Solution

Assume

5f =Y fr(v,t)e®, 5p =" ¢y (t)elr®
k k

Linearized EOM:

3fk e 0fo

+ikofy kg0 =0, k¢ = —dne [ fi(v.)dv

T hree methods:

1. Laplace Transforms (Landau and others 1946)
2. Normal Modes (Van Kampen, Case,... 1955)

3. Coordinate Change <= Integral Transform (PJM, Pfirsch,
Shadwick, Balmforth 1992)



Canonization & Diagonalization

Fourier Linear Poisson Bracket:

© Sl 0F 606G 0G OF
F Gy, — ik / _
{F G kz::lm/RfO (5fk5f_k 5fk5f—k>

Linear Hamiltonian:
1
=5 X g Bl + SR
Z/ / fk(U)Okk/(UW)fk/(v/)dvdv

k,k'

Canonization:

Qk(va t) — fk(va t) ) pk(va t)

kfo k(v t) _—



Dynamical Accessibility

Definition A phase space function k is dynamically accessible
from a phase space function h, if g is an area-preserving rear-
rangement of h ; i.e., in coordinates k(x,v) = h(X(z,v),V(x,v)),
where [ X,V] = 1. A perturbation éh is linearly dynamically accessible
from h if 6h = [G, h], where G is the infinitesimal generator of
the canonical transformation (xz,v) < (X, V).

Remark Dynamically accessible perturbations come about by
perturbing the particle orbits under the action of some Hamilto-
nian; hence, dynamically accessible. For VP ¢f = fo(’) :

Lemma Continuous rearrangements preserve the ‘topology’ of
level sets.



Integral Transform

Definintion:

f(w) =Glgl(v) =er(v)g(v) +e;(v) Hlg](v),

where

er(v) =1+ Hleq](v),

81(’0) - —T

and the Hilbert transform

g(u)

U —7v

Hg) () = du,

with { denoting Cauchy principal value of [p.



Transform Properties

Theorem (G1l) G: LP(R) — LP(R), 1 < p < oo, is a bounded
linear operator; i.e.

1Gglllp < Bpllgllp,

where B, depends only on p.

Theorem (G2) If fy € LI(R), stable, Hdolder decay, then G|g]
has a bounded inverse,

G~1: LP(R) — LP(R),
for1/p+1/q <1, given by
g(u) = Q‘t[é](u) »
. &Rr\u u) — Er\u
= @k’ T WP

where |e|? ;= 5% + 5%

H[f](w).



Diagonalization

Mixed Variable Generating Functional:

Flq, P = k; /]R 4 (v) G[P1(v) dv

Canonical Coordinate changes (q,p) +—— (Q’, P'):

_5f[Q7PI]_ / _5F[Q7P/]_ T
p(w) = "5SS =GR, @k = = 0

New Hamiltonian:

% i /du o (uw)wi(u) [Q%(u) -+ sz(u)}

where o, = —sgn(uf)) and wi(u) = |ku|
(Q', P — (Q, P) is trivial.

Note, o = 1 for Landau problem.



Landau Damping

Landau damping is the Riemann-Lebesgue lemma

im pp(t) = lim /dvfk(v)eik”t —0
t—00 t—00

Charge density p;(t) decays if fr € L1(R). If f;, meromorphic (C¥
in strip containing R) then exponential decay.
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Fig. 3. (Linear Landau damping with Maxwell equilibrium) Contour plots (left)
and cross-sectional plots (right), x = 27, for 6f at ¢t = 0, t = 25, ¢t = 50, t = 75

DG code developed with I. Gamba, et al. (2010)



Equivalent Normal Forms (with G. Hagstrom)
T(Vlasov — Poisson) — Hyp = 1/duu (P2 + Q2>
2

1
S(Caldiera — Leggett) — Hgp = 5/dmx (Pz + Qz)

T herefore

S(Caldiera — Leggett) = T'(VlIasov — Poisson)

(Caldiera — Leggett) = S~! o T'(Vlasov — Poisson)



Krein-Moser (Sturrock)

Theorem (KMS) Let H define a stable linear finite-dimensional
Hamiltonian system. Then H is structurally stable if all the eigen-
frequencies are nondegenerate. If there are any degeneracies, H
is structurally stable if the assosciated eigenmodes have energy
of the same sign. Otherwise H is structurally unstable.

Definition The signature of the point u € R is —sgn(uf;(u)).

(Generalization of with G. Hagstrom)



Hamiltonian Spectrum

Hamiltonian Operator:

o = —ikvfi + 10 [ v fi@0) =t ~Tify.

Complete System:

Jier = =Tk Sk and foky = —T_kf—k, ke RT

Lemma If \ is an eigenvalue of the VlIasov equation linearized
about the equilibrium fj(v), then so are —X\ and X* . Thus if
A = v+ w, then eigenvalues occur in the pairs, £v and +iw,
for purely real and imaginary cases, respectively, or quartets,
A = +v Lt w, for complex eigenvalues.



Spectral Stability

Definition The dynamics of a Hamiltonian system linearized
around some equilibrium solution, with the phase space of solu-
tions in some Banach space B, is spectrally stable if the spectrum
o(T) of the time evolution operator T is purely imaginary.

Theorem If for some k € RT and v = w/k in the upper half
plane the plasma dispersion relation

/
e(k,u) = 1—k_2/dv Jo
R uwu—w

then the system with equilibrium fq is spectrally unstable. Oth-
erwise it is spectrally stable.

=0,

Theorem (Penrose) If there exists a point uw such that

fo(u) =0 and ][dv folw) _ 0.

u —v
with f(’) traversing zero at uw , then the system is spectrally un-
stable. Otherwise it is spectrally stable.



Spectral Theorem

Set k =1 and consider T: f +— ivf—if} [ f in the space W1 1(R).

WL1(R) is Sobolev space containing closure of functions 1 fll1,1 =
1l + 11k = Jgdv(|f| + |f']). Contains all functions in L1(R)
with weak derivatives in Ll(IR{). T is densely defined, closed, etc.

Definition Resolvent of T is R(T,\) = (T'—XI)~1 and X € o(T).
(i) A in point spectrum, op(T), if R(T,X) not injective. (ii) A
in residual spectrum, o,(T), if R(T,)\) exists but not densely
defined. (iii) X\ in continuous spectrum, o(T), if R(T, ) exists,
densely defined but not bounded.

Theorem Let X = iu. (i) op(T) consists of all points iu € C,
where e = 1 — k=2 [gdv f§/(u—v) = 0. (ii) o.(T) consists of all
A =du wWith u € R\ (—iop(T) NR). (iii) or(T) contains all the
points A = iu in the complement of o,(T) that satisfy fi(u) = 0.

cf. e.g. P. Degond (1986). Similar but different.



Structural Stability

Definition Consider an equilibrium solution of a Hamiltonian
system and the corresponding time evolution operator 1" for the
linearized dynamics. Let the phase space for the linearized dy-
namics be some Banach space B . Suppose that T is spectrally
stable. Consider perturbations 67 of T  and define a norm on the
space of such perturbations. Then we say that the equilibrium
is structurally stable under this norm if there is some 6 > 0 such
that for every |[0T|| < § the operator T + 4T is spectrally stable.
Otherwise the system is structurally unstable.

Definition Consider the formulation of the linearized VIasov-
Poisson equation in the Banach space W11 (R) with a spectrally
stable homogeneous equilibrium function fy. Let Tfo—|-5fo be the
time evolution operator corresponding to the linearized dynamics
around the distribution function fg + dfg. If there exists some e
depending only on fg such that Tfo+5fo IS spectrally stable when-
ever || Ty, — Ty 465, < €, then the equilibrium fo is structurally
stable under perturbations of fj.



All fy are Structurally Unstable in W1

True in space where Hilbert transform unbounded, e.g. Wbl
Small perturbation = big jump in Penrose plot.

Theorem A stable equilibrium distribution is structurally unsta-
ble under perturbations of f} in the Banach spaces Wh! and
L1 N Coh.

Easy to make ‘bumps’ in fg that are small in norm. What to do?



Krein-Like T heorem for VP

Theorem Let fo be a stable equilibrium distribution function
for the Viasov equation. Then fqo is structurally stable under
dynamically accessible perturbations in W11 if there is only one
solution of fi(v) = 0. If there are multiple solutions, fq is struc-
turally unstable and the unstable modes come from the roots of
fo that satisfy fi(v) < 0.

Remark A change in the signature of the continuous spectrum
IS @ necessary and sufficient condition for structural instability.
T he bifurcations do not occur at all points where the signature
changes, however. Only those that represent valleys of the dis-
tribution can give birth to unstable modes.



Incomplete Metriplectic Flow

Calculate stationary states using Eulerian Hamiltonian structure
(noncanonical Poisson bracket) with Dirac brackets.




Example 2D Euler

Noncanonical Poisson Brackets :

(F,G} = /da:dyg [56 s

¢ = vorticity, ¥ = A~1¢ =streamfunction

a(f,9)

; = J , = [ — r =
[f, 9] (f,9) = fzgy — fyg 2z, 1)

Hamiltonian:

1 1
H[¢] = 5/dxv? — 5/dx|V¢|2

Equation of Motion:

Ct — {CaH}

PJM (1981) and P. Olver (1982)




Hamiltonian Commonality

Dynamics is Rearrangement:

¢(x,y,t) = ¢o(xo(z,y,t), yo(z,y,t))
= level set topology conservation and Casimir invariants

Casimir Invariants:

(C,F} =0 VF = C[(] =/dxC(C)

Variational Principle for Equilibria and Stability:

1
FI=H+C = [ax|VyP + [axc(©)
..., Gardner, Kruskal and Oberman, Arnold, (1960s). ..

Changing Frames:

Fo=F+QL

L = angular momentum, €2 = rotation rate



Simulated Annealing

Good Idea:
Vallis, Carnevale, and Young, Shepherd (1989)

Use bracket dynamics to do extremization = Relaxing Rearrangement

Y = (F Y+ (F ) = (F P) 20
where
[ 3 OF 586G
(F.G)) = [ a7

Lyapunov function, F, yields asymptotic stability to rearranged
equilibrium.

e Maximizing energy at fixed Casimir: Works fine sometimes,
but limited to circular vortex states ....




Simulated Annealing with Generalized
(Noncanonical) Dirac Brackets

Dirac Bracket:

{F7 Cl}{027 G} . {F7 CQ}{Cla G}

{Cla CQ} {C17 CQ}
Preserves any two incipient constraints 1 and C5.

New Idea:

Do simulated Annealing with Generalized Dirac Bracket

(P,G))p = [dxdx' {F,¢()}p Gx,x) {¢(x), Gp

Preserves any Casimirs of {F,G} and Dirac constraints 1 -

For successful implementation with contour dynamics see PJM
(with Flierl) Phys. Plasmas 12 058102 (2005).



Four Types of Dynamics

Hamiltonian : %—f = {F,F} (1)
. . . OF
Hamiltonian Dirac: 50 = {F,F}p (2)
F
Simulated Annealing : %—t = o{F,F}+ o((F,F)) (3)
F
Dirac Simulated Annealing : %—t = o{F,F}p+a((F,F))p (4)

F an arbitrary observable, F generates time advancement. Equa-
tions (1) and (2) are ideal and conserve energy. In (3) and
(4) parameters o and a weight ideal and dissipative dynamics:
o€ {0,1} and o € {—1,1}. F, can have form

F=H+Y Ci+ NP,
()

C's Casimirs and Ps dynamical invariants.



DSA is Dressed Advection

o6 _ _

8t - [W7C]7

_de Cq [wa C]
Jdx(lei, 5]

W =1+ Al¢; and A'=

with constraints

Cj:/dXCjC.

“Advection” of ¢ by W, with A® just right to force constraints.

Easy to adapt existing vortex dynamics codes!!




Examples

Constraints:

1
Ci1 = 5/dx§(x)(ac2 + y2) = 2 x angular momentum
1
O =5 [dxay((x)

Initial Condition:

Co = e (r/10)°  where ro = 14 .4 cos(20)

Seven Movies: relaxation to rotating ellipses, relaxation to 3-fold
symmetric states, Kelvin sponge, Dirac constrained sponge.



Complete Metriplectic Flow

A dynamical model of thermodynamics that ‘captures’:.

e First Law: conservation of energy

e Second Law: entropy production



Metriplectic Manifold

Two foliations:
e Poisson Manifold

e SubRiemannian Manifold

(2,L1,())

use z = (21,22,...,2V) for coord patch.

Metriplectic Vector Field:

oF .. .7-" j 0
VMP:[fa']_I_(fa'):—z +

0z? 823 8zi 8zj

What are degeneracies? What is ‘generator’ F7



Entropy, Degeneracies, and 1st and 2nd Laws

e Casimirs of [,] are ‘candidate’ entropies. Election of partic-
ular S € {Casimirs} = thermal equilibrium (relaxed) state.

e Generator: F=H+ S

e 1st Law: identify energy with Hamiltonian, H, then

H=[HF|+(H,F)=0+ (H,H)+ (H,S) =0

Foliate Z by level sets of H with are subRiemannian, i.e.
(H,f) =0V feC>®M).

e 2nd Law: entropy production

S=I[SFl+(5F)=(SS)>0
Lyapunov relaxation to the equilbrium state: VF = 0.



Examples

e Finite dimensional theories, rigid body, etc.

e Kinetic theories: Boltzmann equation, Lenard-Balescu equa-
tion, ...

e Fluid flows: various nonideal fluids, MHD, etc.



‘In Progress’

e Derivation from large system: n-body, n >> 1, BBGKY hi-
erarchy, Landau damping mechanism.

e Structure theorems: Kahler generalization, etc.

e Statistical mechanics on Poisson manifold with symplectic
leaves in bath contact (with Bouchet, Thalabard, Zaboron-
ski). Liouville's theorem.



