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I. Hamiltonian Dynamics



Classical Field Theory for Classical Purposes

Dynamics of matter described by

• Fluid models

– Euler’s equations, Navier-Stokes, ...

• Magnetofluid models

– MHD, XMHD (Hall, electron mass physics), 2-fluid, ...

• Kinetic theories

– Vlasov-Maxwell, Landau-Lenard-Balescu, gyrokinetics, ...

• Fluid-Kinetic hybrids

– MHD + hot particle kinetics, gyrokinetics, ...

Applications:

atmospheres, oceans, fluidics, natural and laboratory plasmas

Hamiltonian and Dissipative structures are organizing principles



Classical Field Theories for Classical Purposes
Have Common Structure

Two Dichotomies:

• Lagrangian vs. Eulerian variables

– particle or material vs. spatial or observable

• Lagrangian vs. Hamiltonian formalisms

– Action principle vs. Poisson bracket

Basic procedure of reduction:

action principle → Hamiltonian → noncanonical Poisson bracket



Noncanonical Hamiltonian Structure

Sophus Lie (1890) −→ PJM (1980) −→ Poisson Manifolds etc.

Noncanonical Coordinates:

ẇi = {wj, H} = J ij
∂H

∂wj
, {A,B} =

∂A

∂wi
J ij(w)

∂B

∂wj

Poisson Bracket Properties:

antisymmetry −→ {A,B} = −{B,A} ,

Jacobi identity −→ {A, {B,C}}+ {B, {C,A}}+ {C, {A,B}} = 0

G. Darboux: detJ 6= 0 =⇒ J → Jc Canonical Coordinates

Sophus Lie: detJ = 0 =⇒ Canonical Coordinates plus Casimirs



Flow on Poisson Manifold

Definition. A Poisson manifold Z is differentiable manifold with
bracket

{ , } : C∞(Z)× C∞(Z)→ C∞(Z)

st C∞(Z) with { , } is a Lie algebra realization, i.e., is

i) bilinear,
ii) antisymmetric,
iii) Jacobi, and
iv) consider only Leibniz, i.e., acts as a derivation.

Flows are integral curves of noncanonical Hamiltonian vector
fields, JdH.

Because of degeneracy, ∃ functions C st {A,C} = 0 for all
A ∈ C∞(Z). Called Casimir invariants (Lie’s distinguished func-
tions!).



Poisson Manifold Z Cartoon

Degeneracy in J ⇒ Casimirs:

{A,C} = 0 ∀ A : Z → R

Lie-Darboux Foliation by Casimir (symplectic) leaves:

inamorata



Three Plasma Dynamical Systems

• Magnetohydrodynamics

• Extended Magnetohydrodynamics

• Maxwell-Vlasov Equations



Magnetohydrodynamics (MHD)

Equations of Motion:

Force ρ
∂v

∂t
= −ρv · ∇v −∇p+

1

c
J ×B

Density
∂ρ

∂t
= −∇ · (ρv)

Entropy
∂s

∂t
= −v · ∇s

Ohm′s Law E + v ×B = ηJ = η∇×B ≈ 0

Magnetic Field
∂B

∂t
= −∇×E = ∇× (v ×B)

Energy:

H =
∫
D
d3x

(
1

2
ρ|v|2 + ρU(ρ, s) +

1

2
|B|2

)

Thermodynamics:

p = ρ2∂U

∂ρ
T =

∂U

∂s
or p = κργ



Noncanonical Lie-Poisson Bracket (pjm & Greene 1980):

{F,G} = −
∫
D
d3x

Mi

 δF

δMj

∂

∂xj
δG

δMi
−

δG

δMj

∂

∂xj
δF

δMi


+ ρ

 δF

δM
· ∇

δG

δρ
−
δG

δM
· ∇

δF

δρ

+ σ

 δF

δM
· ∇

δG

δσ
−
δG

δM
· ∇

δF

δσ


+ B ·

[
δF

δM
· ∇

δG

δB
−
δG

δM
· ∇

δF

δB

]

+ B ·
[
∇
(
δF

δM

)
·
δG

δB
−∇

(
δG

δM

)
·
δF

δB

]  ,
Dynamics:

∂ρ

∂t
= {ρ,H} ,

∂s

∂t
= {s,H} ,

∂v

∂t
= {v, H} , and

∂B

∂t
= {B, H} .

Densities:

M := ρv σ := ρs



Casimir Invariants

Casimir Invariants:

{F,C}MHD = 0 ∀ functionals F.

Casimirs Invariant entropies:

CS =
∫
d3x ρf(s) , f arbitrary

Casimirs Invariant helicities:

CB =
∫
d3xB ·A , CV =

∫
d3xB · v

Helicities have topological content, linking etc.



Fortschritte der Physik 7, 503-558 (1969) 

Uber die Ausbreitung von Wellen in einem Plasma 

Von REIMAR LUST 

Max- Planck-Institut fiir Ph ysilc und Astsoph ysik, Miinchen 
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Zusammenfassung 
Einleitend wird kurz auf die Bedeutung und die Anwendungsmoglichkeiten 
hingewiesen, die die Wellen in einem Plasma fur verschiedene Gebiete der 
Physik und der Astrophysik haben konnen (Abschnitt I). Die Grundgleichungen 
fur ein nicht quasineutrales Plasma werden in Abschnitt 2 abgeleitet, wobei 
vorausgesetzt wird, daB der EinfluB von neutralen Teilchen vernachlassigt 
werden kann, daB die Ionen- und Elektronenladungen gleich groB sind und daB 
der Druck der Ionen und Elektronen als isotrop angesehen werden kann. Der 
Unterschied der Grundgleichungen gegeniiber denen eines quasineutralen 
Plasmas wird diskutiert. I n  Abschnitt 3 werden die Gleichungen auf ein 
homogenes Plasma angewandt und linearisiert. Die GroBenordnung der ver- 
schiedenen Terme in den Gleichungen wird abgeschatzt. 
I n  den Abschnitten 4 bis 6 wird die Ausbreitung von Wellen kleiner Amplitude 
in einem homogenen Plasma untersucht. In  Abschnitt 4 werden Wellen in einem 
5uBeren Magnetfeld, deren Frequenz klein gegen die Gyrationsfrequenz der 
Ionen sein soll, behandelt. Man bekommt dann die ALFVENschen Wellen und 
allgemeine hydromagnetische Wellen. Diese Wellen konnen transversalen oder 
longitudinalen Charakter haben und im allgemeinen Fall auch gleichzeitig 
transversale und longitudinale Anteile besitzen. I n  Abschnitt 5 werden longitu- 
dinale Plasmaschwingungen und Wellen ohne auBeres Magnetfeld betrachtet, 
wobei auch die Ionenschwingungen beriicksichtigt werden. I n  Abschnitt 6 
wird zunachst die Ausbreitung elektromagnetischer Wellen in einem Plasma 
ohne auBeres Magnetfeld diskutiert. Daran anschlieBend wird die Ausbreitung 
von Wellen parallel zu einem LuBeren Magnetfeld untersucht, wobei auch kurz 
38 Zeitschrift .,Fortachritte der Physik" 



Extended Magnetohydrodynamics (XMHD)

Ideal Ohm’s Law:

E + V ×B =
d2
e

ρ

(
∂J

∂t
+∇ ·

(
V J + JV −

di
ρ
JJ

))

+
di
ρ

(
J ×B −∇pe

)
.

Momentum:

ρ

(
∂V

∂t
+ (V · ∇)V

)
= −∇p+ J ×B

−d2
e J · ∇

(
J

ρ

)
.

Two parameters, de = c
ωpeL

measures electron inertia and di =
c

ωpiL
accounts for current carried by electrons mostly ... .



Energy Conservation

Candidate Hamiltonian:

H =
∫
d3x

[
ρ
|V |2

2
+ ρU(ρ) +

|B|2

2
+ d2

e
|J |2

2ρ

]

Kimura and pjm 2014 on energy conservation

H is conserved. Pressure, p = ρ2∂U/∂ρ.

What is the Poisson bracket? Casimirs? Helicities?



XMHD Hamiltonian Structure

Poisson Bracket:

{F,G}XMHD = {F,G}MHD

+ d2
e

∫
D
d3x

[
∇×V

ρ
·
(

(∇× FB?)× (∇×GB?)
)]

+ di

∫
D
d3x

B?

ρ
·
[ (
∇× F ?B

)
×
(
∇×G?B

) ]
where we introduce the ‘inertial’ magnetic field

B? = B + d2
e ∇×

(
∇×B

ρ

)
,

Hamiltonian:

H =
∫
D
d3x

[
ρ|V|2

2
+ ρU(ρ) +

B ·B?

2

]
.



XMHD Hamiltonian Structure (cont)

Casimirs;

C±XMHD =
∫
D
d3x

(
V + λ±A

?) · (∇×V + λ±B
?) ,

where

λ± =
−di ±

√
d2
i + 4d2

e

2d2
e

.

Jacobi Identity:

Abdelhamid, Kawazura, Yoshida (2015); pjm, Lingam, Miloshe-

vich, D’Avignon (2016)



Maxwell-Vlasov Equations

Maxwell’s Equations:

∂B

∂t
= −c∇×E

∂E

∂t
= c∇×B − 4πJe

∇ ·B = 0 ∇ ·E = 4πρe



Coupling to Vlasov

∂fs

∂t
= −v · ∇fs −

es

ms

(
E +

v

c
×B

)
·
∂fs

∂v

ρe(x, t) =
∑
s
es

∫
fs(x,v, t) d

3v , Je(x, t) =
∑
s
es

∫
v fs(x, v, t) d

3v

fs(x, v, t) is a phase space density for particles of species s with

charge and mass, es,ms.

ψ =
(
E(x, t), B(x, t), fs(x, v, t)

)



Maxwell-Vlasov Hamiltonian Structure

Hamiltonian:

H =
∑
s

ms

2

∫
|v|2fs d3x d3v +

1

8π

∫
(|E|2 + |B|2) d3x ,

Bracket:

{F,G} =
∑
s

∫ (
1

ms
fs
(
∇Ffs · ∂vGfs −∇Gfs · ∂vFfs

)
+

es

m2
sc
fsB ·

(
∂vFfs × ∂vGfs

)
+

4πes
ms

fs
(
GE · ∂vFfs − FE · ∂vGfs

) )
d3x d3v

+ 4πc
∫

(FE · ∇ ×GB −GE · ∇ × FB) d3x ,

where ∂v := ∂/∂v, Ffs means functional derivative of F with
respect to fs etc.

pjm 1980,1982; Marsden and Weinstein 1982



Maxwell-Vlasov Structure (cont)

Equations of Motion:

∂fs

∂t
= {fs, H} ,

∂E

∂t
= {E, H} ,

∂B

∂t
= {B, H} .

Casimirs invariants:

Cfs [fs] =
∫
Cs(fs) d3xd3v

CE[E, fs] =
∫
hE(x)

(
∇ ·E − 4π

∑
s
es

∫
fs d

3v

)
d3x ,

CB[B] =
∫
hB(x)∇ ·B d3x ,

where Cs, hE and hB are arbitrary functions of their arguments.

These satisfy the degeneracy conditions

{F,C} = 0 ∀F .

• GEMPIC Sonnendrücker’s Wednesday talk – Poisson integrator



Summary

Poisson brackets defined by J, dynamics ∂ψ/∂t = {ψ,H}:

JMHD → Casimirs

JXMHD → Casimirs

JM−V → Casimirs

Good theories in their ideal limit (ν, η, · · · → 0) conserve en-

ergies, H, and have Poisson brackets. Bad theories do bad

things: unaccounted energy, unphysical instabilities, etc.

Dissipation? Casimirs are candidates for entropies!



Dissipation: Metriplectic Dynamics ≡ Generic



“History”

• Rayleigh Dissipation (Theory of Sound, Ch. IV §81 1873)

• 20th Century gradient flows (Cahn-Hilliard, Otto, Ricci Flows,
Poincarè conjecture on S3, ...)

• pjm, pjm & Kaufman 1982

• pjm 1984, Kaufman 1984, ... Grmela 1984

• pjm 1986 Metriplectic Dynamics

• Grmela & Oetttinger 1997, Generic ≡ Metriplectic Dynamics

• Many works since ... e.g. Bloch, et al. 2013, pjm & Coquinot

• Double brackets: Brockett, Vallis et al., Flierl &pjm,. . .



Bracket Formulations circa 1980

{{F,G}} = {F,G}+ (F,G)

Generator: F = H + S: Kaufman (1984), pjm (1984), Grmela

(1984) .... H: Kaufman & pjm (1982), Brockett, Carnevale, et

al. ...

Symmetry: Kaufman & pjm (1982), Kaufman (1984), pjm (1984),

Brockett, Vallis et al. (1989)

Degeneracy: Kaufman & pjm (1982), pjm (1984), Grmela (1984)

Metriplectic Dynamics ≡ Generic: pjm (1984,1986)



Entropy, Degeneracies, and 1st and 2nd Laws

• Casimirs of {, } are ‘candidate’ entropies. Election of partic-
ular S ∈ {Casimirs} ⇒ thermal equilibrium (relaxed) state.

• Generator (free energy): F = H + S

• 1st Law: identify energy with Hamiltonian, H, then

Ḣ = {H,F}+ (H,F) = 0 + (H,H) + (H,S) = 0

Degeneracy such that (H, f) = 0 ∀ f

• 2nd Law: entropy production

Ṡ = {S,F}+ (S,F) = (S, S) ≥ 0

Lyapunov relaxation to the equilibrium state: δF = 0.



Two examples of pjm 1984



Vlasov with Collisions

∂f

∂t
= −v · ∇f − a · ∇vf +

∂f

∂t

)
c

where

Collision term →
∂f

∂t

)
c

could be , Landau, Lenard Balescu, etc.

Conserves, mass, momentum, energy,

dH

dt
=

d

dt

∫ 1

2
mv2f + interaction = 0

and makes entropy

dS

dt
= −

d

dt

∫
f ln(f) ≥ 0



Landau Collision Operator

Metriplectic bracket:

(A,B) =
∫
dz
∫
dz′

[
∂

∂vi

δA

δf(z)
−

∂

∂v′i

δA

δf(z′)

]
Tij(z, z

′)

×

 ∂

∂vj

δB

δf(z)
−

∂

∂v′j

δB

δf(z′)


Tij(z, z

′) = wij(z, z
′)f(z)f(z′)/2

Conservation and Lyapunov:

wij(z, z
′) = wji(z, z

′) wij(z, z
′) = wij(z

′, z) giwij = 0 with gi = vi−v′i
Landau kernel:

w
(L)
ij = (δij − gigj/g2)δ(x− x′)/g

Entropy:

S[f ] =
∫
dz f ln(f)



Ideal fluid with viscous heating and thermal conductivity.

av. 
-2:. = {v. JI} at 1.' 

.92= {p,J/} 3t 

as {s ,.I/} -= at 

where the GPB, {,}, is given by 

of 
01; 

-7-

(18) 

(19) 

(20) 

(21) 

Upon inserting the quantities shown on the right hand side of Eqs. (18)-(20), 

into Eq. (21) and performing the indicated operations one obtains, as noted, 

the' in'vicd.d adiabatic limit of Eqs. (10)-(12). 

The Casimirs for the bracket given by Eq. (21) are the total mass 

M = J P d3x and a generalized entropy functional $f 

where f is an arbitrary function of s .. The latter quantity is added to 

the energy [Eq. (17)] to produce the generalized free energy ofEq. (4): 

In order to obtain the dissipative terms, we introduce the following 

symmetric bracket: 

(23) 

FIG. 10. This . ...
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General Metriplectic Form

(F,G) =
∫
dnz

∫
dnz′L′

(
δF

δχ

)
· g(z, z′;χ) · L

(
δG

δχ

)

L a formally self-adjoint pseudo-differential operator, g a sym-

metric operator, z = (z1, . . . , zn), and χ = (χ1, . . . χm).

Degeneracies can appear from kernel of L and g

Nonlocal type occurs e.g. for the Landau collision operator and

for Lagrangian fluid mechanics.



Thermodynamics

Entropy/volume: σ(x, t)

Density of Extensive variable: ζa(x, t) a = 1,2, . . .

dσ =
∑
a

∂σ

∂ζadζa
=:

∑
a
Xadζa

∂ζa

∂t
+∇ · JT =

∑
a
Ja · ∇Xa ,

JT =
∑
a
XaJa , Ja = unknown flux?

Near Equilibrium Assumption:

Ja =
∑
b

Lab∇Xb

Onsager for Affnity ∇Xa:

Lab = Lba ⇒ Second Law



Magnetofluid (F,G)

The Dissipative Bracket:

(F,G) =
1

T

∫
d3x∇

δF

δζa
· Lab[ζ] · ∇

δG

δζb

Natural Variable E:

H =
∫
d3x E ⇒ (F,H) = 0 ∀F

Hamiltonian (M ,B∗, ρ, σ) vs. Metriplectic (M ,B∗, ρ, E)

Onsager Pairs (Force/Flux):

• Current ↔ Temp, etc., in particular

• Viscosity ↔ Current

XMHD, Coquinot & pjm J. Plasma Phys. (2020) complicated
Onsager reciprocity



(f, g) =
∫

Ω d3y T
T

[
∇
(

1
T

δf
δσ(y)

)
·

{
T 2ηTT∇

(
1
T

δg
δσ(y)

)
+TηTj

(
∇×

(
δg

δB∗(y)

)
− 1

T
δg

δσ(y)
j
)}

+
(
∇×

(
δf

δB∗(y)

)
− 1

T
δf

δσ(y)
j
)
·

{
TηjT∇

(
1
T

δg
δσ(y)

)
+ηjj

(
∇×

(
δg

δB∗(y)

)
− 1

T
δg

δσ(y)
j
)}

+
(
∇
(

δf
δm(y)

)
− 1

T
δf

δσ(y)
∇v
)

:

{
Λvv

(
∇
(

δg
δm(y)

)
− 1

T
δg

δσ(y)
∇v
)

+Λvj

(
∇
(

1
ρ
∇× δg

δB∗(y)

)
− 1

T
δg

δσ(y)
∇
(

j
ρ

))}
+
(
∇
(

1
ρ
∇× δf

δB∗(y)

)
− 1

T
δf

δσ(y)
∇
(

j
ρ

))
:

{
Λjv

(
∇
(

δg
δm(y)

)
− 1

T
δg

δσ(y)
∇v
)

+Λjj

(
∇
(

1
ρ
∇× δg

δB∗(y)

)
− 1

T
δg

δσ(y)
∇
(

j
ρ

))}]
.
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