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1 Donaldson Theory: Pre-Witten

1.1 Classification of (closed) Manifolds

We would like to classify all manifolds. We must be careful as there are three categories to
be concerned with:

1. Topn - Topological n-manifolds (morphisms: homeomorphisms)

2. Diffn - Smooth n-manifolds (morphisms: diffeomorphisms)

3. PLn - Piecewise linear n-manifolds (morphisms: piecewise linear maps)

In general

Diffn  PLn  Topn.

2



For low dimensions there are unique PL and Diff structures for each topological manifold
(e.g. if two surfaces are homeomorphic they are also diffeomorphic and vice versa): 1

Topn ↔ PLn ↔ Diffn, n ≤ 3,

so the classification problem is the same. Furthermore, for dimensions ≤ 6 it was discovered
that every PL structure is smoothable

PLn ↔ Diffn, n ≤ 6

Sometimes full classification is a bit hard so we restrict ourselves to the building blocks:
closed manifolds. For dimensions ≤ 2 the classification was known for quite some time.

• 1-manifolds: The circle

• 2-manifolds:

– Orientable: Genus g surfaces, i.e. the connected sum of g tori (handlebodies):

#gT 2 =

g times︷ ︸︸ ︷
T 2#T 2# · · ·#T 2

– Non-orientable: Genus g surfaces summed with a cross-cap (projective space)
#gT 2#RP 2

• 3-manifolds: Thurston geometries and the geometrization conjecture (proven by
Perelman).

• 4-manifolds and higher: Algorithmically impossible (requires classifying all π1

groups with finitely many generators and relations) ⇒ restrict the classification to
simply connected manifolds.

– In n > 4 the Poincare conjecture holds for differentiable and topological n-
manifolds and they are classified via surgery.

– 1982: Michael Freedman classified all closed, simply connected topological 4-
manifolds.

– 1983: Donaldson discovers an obstruction to smoothability of topological 4-manifolds.

The rest of this talk will be concerned with differentiable, closed, simply connected, 4-
manifolds.

1Although, strictly speaking we should be careful here, these categories are not equivalent. Loosely
speaking, a theorem in one category may not hold in another.
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1.2 Invariants

To help distinguish between different manifolds, one can construct computable “invariants,”
e.g. quantities which only depend on the diffeomorphism (homeomorphism/PL isomorphism
if we are working in Top/PL) type of the manifold. Two manifolds are not diffeomorphic if
their invariants differ. These can be numbers, polynomials, etc. and the easily computable
ones usually arise via some cohomology ring. Examples include the characteristic numbers
(chern classes, euler classes, etc.) and the characteristic numbers arising from them.

1.3 Cohomology and the Intersection Form

One important 4-manifold (topological) invariant is the intersection form. Let M be a closed,
orientable, 4 manifold, [M ] its fundamental class, and H ·(M ; Z) its cohomology (over Z).
We then have a pairing

I :H2(M ; Z)×H2(M ; Z)→ Z

with

(α, β) 7→ (α ^ β) _ [M ].

Or in terms of differential forms,

I : H2
dR(M)×H2

dR(M)→ R

with

I([α], [β]) =

∫
[M ]

α ∧ β

for α and β any differential form representatives of the cohomology classes [α] and [β]. The
cup-product is graded-commutative so σ is a symmetric bilinear form, i.e. an inner product.

Remark If [α] and [β] lie in the image of H2(M ; Z) ↪→ H2
dR(M) (i.e. they are represented

by differential forms which integrate to integers over 2-cycles) then I coincides with the
definition above and is valued in Z.

Remark By Poincaré duality:

Hk(M) ∼= Hn−k(M)

and every k-cycle has an associated n− k-form (we can construct this explicitly as a Thom
class on a normal bundle). In particular every 2 cycle [L] has a Poincaré dual 2-form ηL so we
can extend the definition of I to 2-cycles. Geometrically, then I([L], [M ]) is the topological
(oriented) intersection number between any two representatives of [L] and [M ]. I([L], [L]) is
geometrically the self-intersection number found by perturbing a rep of [L] and viewing the
intersection with the perturbation.
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If we assume M is simply-connected, the homology groups of M look like

H0(M) ∼=Z
H1(M) =0

H2(M) ∼=Zb2

H3(M) =0

H4(M) ∼=Z

and the cohomology groups are given immediately by Poincaré duality. b2 is called the second
betti number. Hence, under choice of some basis in either (integer coefficient) homology
or cohomology, I is a b2 × b2 integer-valued matrix. As I is a symmetric matrix we can
diagonalize it over R and signature of I is defined to be

σ = b+ − b−

where b+ is the number of positive eigenvalues of I and b− the number of negative eigenvalues.

Remark Donaldson’s 1983 paper used instantons and a cobordism technique to constrain
the intersection forms arising for differentiable manifolds.

1.4 The Second Chern Class

Let M be a closed, simply connected, orientable, manifold P → M be a principal SU(2)
gauge bundle with connection, ρ : SU(2)→ Aut(V ) the two-dimensional defining represen-
tation of SU(2), and E → M the associated vector bundle: E = P ×ρ V . The connection
on the principal bundle induces an SU(2) connection ∇ on E with curvature form F . In a
local coordinate chart we can write ∇ = d+A and F∇ = dA+ 1

2
[A ∧A]. More explicitly, if

σa (a = 1, 2, 3) are the standard Pauli matrices (spanning su(2)), in a local coordinate chart

A =Aµdx
µ

F∇ =
1

2
Fµνdx

µ ∧ dxν

Aµ =Aaµσa

Fµν =∂µAν − ∂νAµ + [Aµ, Aν ].

For each such rank-2 vector bundle E we can associate the second chern number,

c2(E) =− 1

8π

∫
M

Tr(F∇ ∧ F∇) ∈ Z

=− 1

8π

∫
M

F a
µνF̃

µν
a d4x

The second chern number is a topological invariant of the bundle E and completely classifies
all such rank-2 vector bundles.

5



Notation From now on we will write F∇ as F where the dependence on the connection
is understood. Furthermore, we will abuse notation and write A in place of the (globally
defined) connection ∇ as per standard physics abuse.

Remark Indeed, it is a remarkable theorem that the cohomology class [F ∧ F ] ∈ H4
dR(M)

is independent of the connection chosen on our vector bundle E and only depends on the
isomorphism type (topology) of the vector bundle E. Furthermore, this class lies in the
image of H4(M ; Z); so c2(E) is an integer that only depends on the isomorphism type of E,
i.e. it only depends on the topological type of E. For rank 2 vector bundles one can show all
other chern numbers vanish and the vector bundle E is uniquely determined by the integer
c2(E). The trivial bundle E = M × V has c2(E) = 0.

1.5 Instantons

Instantons are defined as the absolute minima of the Yang-Mills action. Recall, the Yang-
Mills action is defined as

SYM [A] =
1

g2
YM

∫
Tr (F ∧ ∗F ) =

∫
F a
µνF

aµν .

By the definition of the Hodge-star operator, on a Riemannian 4-manifold the operation
Tr (F ∧ ∗F ) defines a pointwise norm on Lie-algebra valued 2-forms, i.e. for ζ, η ∈ Λ2T ∗M⊗
g, we have a norm

‖η‖ = Tr(η ∧ ∗η).

In this notation we can write

SYM [A] =
1

g2
YM

∫
‖F‖

Furthermore, on 2-forms the hodge-star operator ∗ squares to the identity ∗2 = 1 (as opposed
to Lorentzian signature where ∗2 = −1). Hence, we can split Ω2(M) into the ±1 eigenspaces
of ∗ (self-dual and anti-self-dual forms):

Ω2(M) = Ω2
+(M)⊕ Ω2

−(M).

this splitting extends to forms valued in vector bundles and is orthogonal with respect to
the norm ‖ · ‖ and we may decompose F with respect to this splitting

F = F+ + F−.

Thus,

SYM [A] =
1

g2
YM

∫
(‖F+‖+ ‖F−‖)
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while on the other hand

c2(E) =
1

8π2

∫
Tr(F ∧ F )

=
1

8π2

∫
(F+ ∧ ∗F+ − F− ∧ ∗F−)

=
1

8π2

∫
(‖F+‖ − ‖F−‖)

Thus, we have lower bounds,

SYM [A] ≥ 8π2|c2(E)|
g2
YM

.

By the analysis above it is clear these bounds are saturated iff

F = ∗F , if c2(E) > 0 (1)

F = − ∗ F , if c2(E) < 0. (2)

As a sanity check, it can be verified that such self-dual or anti-self dual curvature forms
automatically satisfy the YM equations of motion ∇F = 0; these are first order equations
in the connection A (as opposed to the second order EOM ∇F = 0). However, there is
no guarantee that such first order equations have a solution on the bundle E so there is
no guarantee this topological lower bound is actually obtained. In the situation of SU(2)
Yang-Mills, explicit non-trivial solutions for c2(E) = ±1 on S3 are known.

1.6 The Moduli Space of Instantons

If there exists and instanton solution on the vector bundle E, the generically there exists a
whole moduli space of solutions on E:

ME = {A ∈ Conn(E) : F = ∗F if c2(E) > 0, F = − ∗ F if c2(E) < 0} ⊂ Conn(E).

Let GE be the group of automorphisms of E (gauge transformations) which acts naturally on
Conn(E). As F = ± ∗ F are gauge-invariant equations, then if A is a solution, any element
of the orbit [A] = GE ·A (connections gauge equivalent to A) is a solution. Thus, the action
of GE restricts toME and the physically interesting moduli space, consisting of connections
up to gauge transformations is

ME =ME/GE ⊂ Conn(E)/GE.

Equivalently,

ME = {[A] ∈ Conn(E)/GE : F = ∗F if c2(E) > 0, F = − ∗ F if c2(E) < 0} .
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As this moduli space is cut out via smooth differential equations, we may expect thatME is a
smooth (finite dimensional) manifold with possible singularities where the smooth structure
breaks down. This turns out to be the case and, furthermore, the singularities on the
moduli space are well understood: singularities are isolated and occur at so-called reducible
connections described in appendix 6.2. 2 For a beautiful exposition of this material see [1].

The virtual dimension of such a moduli space can be computed from the index of an elliptic
complex (called the instanton deformation complex) and can be shown to be

dimME = 8|c2(E)| − 3

2
(χM + σM) (3)

where χM is the Euler-characteristic of the 4-manifold M and σM is its signature. This
dimension is virtual in the sense that it is calculated as the dimension of some tangent space
around a particular connection A; however, for reducible connections A (e.g. at singularities
in the moduli space) the dimension of the tangent space jumps. If there are no reducible
connections on the moduli space then ME is an honest smooth manifold whose dimension
is the virtual dimension; this will be the case of primary interest.

Remark We will concern ourselves mostly with the situation of anti-instantons, i.e. where
c2(E) < 0 and the curvature form of an instanton is anti-self-dual. These are the bundles
on which the Donaldson polynomial invariants and the Donaldson series are constructed.
The following sections on Donaldson polynomial invariants and the Donaldson series will be
restricted to such bundles.

1.7 The Donaldson Polynomial Invariants

Definition Let CE = Conn(E)/GE and d = dim(ME).

Now take a 1-parameter family of metrics gt, t ∈ [0, 1] on M . With the condition b+ > 1,
Donaldson was able to show that, for a generic family gt, ME,gt contains no reducible
connections and, hence, has no isolated singularities. Furthermore, Donaldson showed that
ME,gt defines a cobordism in CE and hence

[ME,g0 ] = [ME,g1 ] ∈ Hd(CE).

NowME,g depends implicitly on the smooth structure placed on M (via the instanton equa-
tions), as well as the arbitrary metric g. However, if we choose M s.t. b+ > 1, Donaldson’s
observation shows that [ME,g] ∈ Hd(CE) is, in fact, independent of the metric g and de-
pends solely on the smooth structure of M . In other words, [ME,g] is a topological (smooth)
invariant that can help distinguish smooth manifolds.

2An alternative but equivalent definition than the one provided in appendix 6.2 is as follows: A reducible
connection A is a connection such that the SU(2) bundle E can be split as a direct sum of U(1)-line bundles,
E = L1 ⊕ L2 and A decomposes as a direct sum of connections on these line bundles A = η1 ⊕ η2.
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At first sight [ME] is a rather unruly object, living in the homology of an infinite dimensional
space. It would be nice if we could extract more manageable information out of this homology
class so that we can easily compare invariants. This is precisely the role of the Donaldson
polynomial invariants. To define them, we will choose a basis of generators for the homology
of M , Hk(M ; R) (Q coefficients are also prevalent in the mathematics literature):

H0(M ; R) = 〈x〉
H2(M ; R) = 〈γ1, · · · , γb2〉
H4(M ; R) = 〈z〉 .

Using an argument involving spectral sequences, Donaldson constructed a map

µ : Hk(M ; R)→ H4−k(CE; R)

with µ(z) = 1 and k = 0, · · · , 4. It turns out that under wedge product im(µ) actually
generates all of H∗(CE; R) with no relations other than µ(z) = 1. Hence, we have the
bijective correspondences,

H∗(C; R)←→Wedge products of {µ(x), µ(γ1), · · · , µ(γb2)} ←→ Formal polynomials in {x, γ1, · · · , γb2}.
(4)

Definition The Donaldson polynomial invariant corresponding to the vector bundle E is
the map

QM,E : R[x, γ1, · · · , γb2 ]→ R

such that for some polynomial p ∈ R[x, γ1, · · · , γb2 ]

p(x, γ1, · · · , γb2) 7→
∫

[ME,g ]

p(µ(x), µ(γ1), · · · , µ(γb2)). (5)

where the formal products of homology classes in p on the left hand side are thought of as
wedge products of their images under µ on the right hand side according to the correspon-
dence (4). 3

Remark As long as b+ > 1 the polynomial invariant QM,E does not depend on the metric
g chosen (as implied by the notation) as [ME,g] does not depend on the metric g. However,
we can define QM,E,g for the case b+ = 1 by integrating over [ME,g] for a chosen metric g. In
this situation we expect sudden “jumps” in QM,E,g as g is smoothly varied and singularities
suddenly appear or disappear in [ME,g]. Since the introduction of Donaldson invariants, this
jumping behavior is now better understood via “wall-crossing formulae.”

3E.g if p(x, γ) = xγ2 then p(µ(x), µ(γ)) = µ(x) ∧ µ(γ) ∧ µ(γ).
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Remark Assume p is a monomial (e.g. contains only one summand), then the integral in
(5) vanishes unless the degree of p(µ(x), µ(y1), · · · , µ(yb2)) as an element of H∗(CE; R) is
d = dim(ME). We emphasize that under the map µ an element of homological degree k in
Hk(M) defines element of cohomological degree 4− k in H4−k(CE). In particular x maps to
an element of degree 4 and the γi map to elements of degree 2.

Remark Because the vector bundle E is uniquely specified by its second chern number
c2(E) ∈ Z which can be extracted from the virtual dimension in equation (3) we will just
write QM,E as Qd where d = dim(ME) ∈ Z. Note, once again, we are restricting our
attention to c2(E) < 0.

1.8 The Donaldson Series

Note that there is a Donaldson polynomial invariant for each SU(2) vector bundle E. In 1993
Kronheimer and Mrowka combined all of these invariants into a single generating function:

D(γ) =
∑
d∈A

[
Q2d(γ

d)

d!
+
Q2d+4(xγ

d)

2d!

]
,

where γ ∈ H2(M), x ∈ H0(M) and

A = {d ∈ Z : ∃ an SU(2) bundle E with c2(E) < 0 and s.t. d = dim(ME)} .

The form of this generating function simplifies if we impose the so-called simple-type condi-
tion on M .

Definition A manifold M satisfies the simple-type condition if

Q|p|+8(x
2p) = 4Q|p|(p)

for all polynomials p ∈ R[x, γ1, · · · , γb2 ], where |p| indicates the degree of p. Once again,
degree is counted “cohomologically,” i.e. that is x has degree 4 (i.e. the degree of µ(x)) and
the γi have degree 2.

Remark It is conjectured that all closed, simply-connected 4-manifolds with b+ > 1 are of
simple-type.

If M has simple-type condition, the generating function defined above reduces to the form

D(γ) =eI(γ,γ)
[
r1e

K1(γ) + · · ·+ rme
Km(γ)

]
,

where

• γ ∈ H2(M ; R),
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• I : H2(M ; R)×H2(M ; R)→ R is the intersection form,

• ri ∈ Q,

• Ki ∈ H2(M ; R) with Ki(γ) = Ki _ γ =
∫
γ
Ki ∈ R the natural pairing between

cohomology and homology.

1.9 Preliminary Remarks on Donaldson-Witten Theory

In 1988 Witten presented a paper reconstructing the Donaldson polynomial invariants via
correlation functions in a supersymmetric topological quantum field theory. The TQFT
constructed is not explicitly independent of the metric (as in Schwarz-Type TQFTs, e.g.
Chern-Simons theory) but metric independence holds for a special class of “BRST-closed”
observables. In modern terminology this is a cohomological-type TQFT (more facetiously,
Witten constructed a Witten-type TQFT). In particular, the correlation functions in this
TQFT can be computed in the limit of zero coupling, where the path integral reduces to
integration over instanton moduli space; these integrals are, in fact, the polynomial invariants
QM,E. In Witten’s 1994 paper he computed correlation functions in the same theory which
were identified with the Donaldson Series of Kronheimer and Mrowka.

2 Topological quantum field theory and Donaldson in-

variants

2.1 Twisted N = 2 SYM

In 1988, Witten formulated a supersymmetric topological quantum field theory that allowed
him to derive the Donaldson invariants [2]. In this section we will present the description of
his work.

2.1.1 Preliminaries

Let us consider a four-dimensional orientable Riemannian smooth manifold M with a metric
gµν . Let’s suppose a theory contains a set of fields {φi} and the action is a functional of
these fields S(φ). The vacuum expectation value of an arbitrary product of operators Oµ(φi)
is defined by the functional integral

〈Oµ1Oµ2 · · · Oµp〉 =

∫
[Dφi]Oµ1(φi) · · · Oµp(φi) exp(−S(φ)). (6)

Suppose the action of the theory is invariant under certain symmetry generated by Q:

δS = −iε · {Q,S} = 0, (7)
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where Q is such that Q2 = 0 and the energy-momentum tensor of the theory can be written
as

Tµν = {Q,Λµν}, (8)

where Λµν is some symmetric tensor (an operator that can be written as {Q,O} is known
as “BRST commutator”). There are several facts that follow from these assumptions.

The first fact is that the expectation value for an operator of the form {Q,O} is zero.
The argument to see this is the following: The integration measure [Dφi] is invariant under
the symmetry generated by Q, therefore

Zε(O) =

∫
[Dφi]exp(εQ) · [exp(−S) · O] (9)

is independent of the infinitesimal parameter ε. Using equation (7) and expanding the first
exponential, we obtain that

Zε(O) =

∫
[Dφi]exp(−S) · (O + ε{Q,O}). (10)

As Zε(O) is independent of ε, we conclude that∫
[Dφi]exp(−S) · (ε{Q,O}) = 〈{Q,O}〉 = 0. (11)

In addition, we can see that if, for some operator A, {Q,A} = 0, then for any B it is true
that A{Q,B} = {Q,AB} and therefore

〈A{Q,B}〉 = 〈{Q,AB}〉 = 0. (12)

The second fact comes from the fact that the energy-momentum tensor is a BRST com-
mutator. The partition function of the theory is given by

Z =

∫
[Dφi]exp(−S). (13)

Let’s consider an infinitesimal variation of the metric g , thus the change of the action is

δS =
1

2

∫
M

√
gδgµνTµν , (14)

but from equation (8) we know that Tµν = {Q,Λµν}. Now, let’s see how Z changes:

δZ =

∫
[Dφi]exp(−S) · (−δS)

= −
∫

[Dφi]exp(−S) · {Q,
∫
M

√
gδgµνΛµν}

= −〈{Q,
∫
M

√
gδgµνΛµν}〉 = 0, (15)
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where we used equation (11) in the last step. Therefore, the partition function Z is a
topological invariant.

Now, let us examine what happens with non-vanishing expectation values of the form

Z(O) = 〈O〉 =

∫
[Dφi]exp(−S) · (O) (16)

under a change in the metric.

δgZ(O) =

∫
[Dφi]exp(−S) · (δgS · O + δgO)

=

∫
[Dφi]exp(−S) ·

(
−1

2
{Q,

∫
M

√
gδgµνΛµν} · O + δgO

)
. (17)

This equation vanishes if: first, {Q,O} = 0 so the first term is zero according to equation
(12); second, if δgO = {Q, ρ} or 0 for some ρ. But we must notice that Z(O) = 0 if, for
some ρ′, O = {Q, ρ′}. Therefore, topological invariants of the theory will be given by those
operators for which {Q,O} = 0 and δgO = {Q, ρ} modulo those such that O = {Q, ρ}.

2.1.2 N = 2 Supersymmetric Yang-Mills

Witten came up with a relativistic covariant quantum field theory, on a Riemannian manifold
M , containing the following fields: Aaµ, ψ

a
µ, χ

a
µν . Aaµ is a Lie algebra valued one form,

µ = 1 . . . 4 and a runs over the generators of the gauge group G. ψaµ is an one form and χaµν
is a self-dual two form (χaµν = 1

2
εµνγδχ

γδa). These fields are supplemented by the fermionic
zero form ηa and the bosonic zero forms φa and λa. With this field content, the action

S0 =

∫
M

d4xTr[
1

4
FµνF

µν +
1

2
φDµD

µλ− iηDµψ
µ + i(Dµψν)χ

µν

− i
8
φ[χµν , χ

µν ]− i

2
λ[ψµ, ψ

µ]] (18)

is invariant under the transformation

δAµ = iεψµ, δφ = 0, δλ = 2iεη, δη =
1

2
ε[φ, λ],

δψµ = −εDµφ, δχµν = ε(Fµν +
1

2
εµνγδF

γδ), (19)

and also it is invariant under a “grading” U for (A, φ, λ, η, ψ, χ):

(0, 2,−2,−1, 1,−1).

Let’s call Q the generator of the symmetry (19), it has the property Q2 = 0. Then, the
variation of an operator O under this symmetry is

δO = −iε · {Q,O}. (20)

13



Notice that functional of the form {Q,O} is also Q-invariant and it can be added to the
action without spoiling the mentioned symmetry 4. Also, O should be gauge invariant. The
operator that respects all the symmetries is O = 1

4
Tr([φ, λ]η). Thus, we can add to S0 the

term

S1 = −
∫
d4x{Q,O} = −

∫
d4xTr

[
i

2
φ[η, η] +

1

8
[φ, λ]2

]
, (21)

where the global minus is chosen for simplicity. The the actual action that will be use is

S = S0 + S1. (22)

Now, let’s consider the field content in N = 2 supersymmetric Yang-Mills theory. For
the following argument we will consider M = R4. The global group is

H = SU(2)L × SU(2)R × SU(2)I × U(1)U ,

where the first two factors correspond to the rotation group in R4 and the last two denote a
global internal symmetry. Under H, the supersymmetry generators transform like:

Qi
α −→ (1/2, 0 1/2)−1, Q̄i α̇ −→ (0, 1/2 1/2)1; (23)

and the fields transforms as follows:

Gauge vectors Aαα̇ ∼ (1/2, 1/2, 0)0,

fermions λα i ∼ (1/2, 0, 1/2)1,

λ̄jα̇ ∼ (0, 1/2, 1/2)−1, (24)

spinless bosons ϕ ∼ (0, 0, 0)−2,

ϕ∗ ∼ (0, 0, 0)2.

Now, let’s replace SU(2)L×SU(2)R×SU(2)I by SU(2)L×SU(2)′R, where SU(2)′R is the
diagonal sum of SU(2)R and SU(2)I . Then under the new symmetry SU(2)L × SU(2)′R ×
U(1):

(1/2, 1/2, 0)0 −→ (1/2, 1/2)0,

(1/2, 0 1/2)1 −→ (1/2, 1/2)1,

(0, 1/2, 1/2)−1 −→ (0, 1)−1 ⊕ (0, 0)−1, (25)

(0, 0, 0)−2 −→ (0, 0)−2,

(0, 0, 0)2 −→ (0, 0)2.

This is precisely the way in which the fields in the action (22) transform: Aµ, φ and
λ transform as (1/2, 1/2)0, (0, 0)2 and (0, 0)−2, respectively. On the other hand, ψµ, χµν

4There is a subtlety: To prove that Q2 = 0 we have to use the equation of motion for χ, therefore χ
should not appear in O.
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and η transform as (1/2, 1/2)1, (0, 1)−1 and (0, 0)−1. Therefore, in R4, such a action is the
action for “twisted” N = 2 Supersymmetric Yang-Mills, where the “twist” makes reference
to the exotic action pf the rotation group. In this twisted SUSY, the generators transform
as (1/2, 1/2)−1 ⊕ (0, 1)1 ⊕ (0, 0)1 where the Lorentz singlet is the supercharge Q we used
above. This, we can say that the action (22) is supersymmetric for M = R4; however, it can
be shown that it is also supersymmetric when M is a more general orientable Reimannian
manifold.

The next step is to compute the energy-momentum tensor defined by

δgS =
1

2

∫
√
ggµνTµν , (26)

when gµν → gµν + δgµν . It’s is important to note that as the antisymmetric tensor χµν is
subject to self-duality, a variation δgµν of the metric must be accompanied by

δχµν =
1

2
εµνγδδg

γγ′δgδδ
′
χγ′δ′ −

1

8
(δgστgστ )εµνγδg

γγ′δgδδ
′
χγ′δ′ . (27)

Thus, the energy-momentum tensor is given by

Tµν = Tr[(FµσF
σ
ν − (1/4)gµνF

2) +
i

2
[D[µψσ]χ

σ
ν + (µ↔ ν)− 1

2
gµνD[λψσ]χ

λσ

−1

2
(D{µDν}λ− gµνDσφD

σλ)− i(D{νη ψµ} − gµνDση ψ
σ)

−2i(λψµ ψν −
1

2
gµνλψ

2) +
i

2
gµνφ[η, η] +

1

8
gµν [φ, λ]2], (28)

with the conservation property
DµT

µν = 0.

Another feature of this tensor is that its trace is total divergence

T µµ = DµR
µ, (29)

with
Rµ = Tr[λDµφ− 2i η ψµ]. (30)

This implies that the action is invariant under a global rescaling of the metric δgµν = wgµν :

δS =
1

2

∫
√
gδgµνTµν =

w

2

∫
√
ggµνTµν =

w

2

∫
√
gDµR

µ = 0. (31)

Now, let us take a look to the energy-momentum tensor in equation (28); it can be shown
that this tensor is a BRST commutator

Tµν = {Q, λµν}, (32)
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where

λµν =
1

2
Tr(Fµσχ

σ
ν + (Fνσχ

σ
µ −

1

2
gµνFστχ

στ )

+
1

2
Tr(ψ{µDν}λ− gµνψσDσλ) +

1

4
gµνTr(η[φ, λ]). (33)

This is a remarkable fact that will play a really important role when finding the topological
invariants, as it can be guessed from the preliminary section.

If we add to the action S the topological invariant

1

4

∫
M

√
gTrFµν F̃

µν ,

we find that the new action S ′ can be written as

S ′ = {Q, V } (34)

with

V =
1

4
TrFµνχ

µν 1

2
TrψµD

µλ− 1

4
Tr(η[φ, λ]). (35)

2.1.3 Topological invariants

Now we will consider the path integral representation for some topological invariants. From
section 2.1.1, we know that since the energy-momentum tensor is a BRST commutator, the
partition function

Z =

∫
[DX]exp(−S ′/g2

YM) (36)

is a topological invariant (see equation 15). In the previous equation, gYM is the gauge
coupling constant and the integration measure DX is the abbreviation of the integration
over the field content (A, φ, λ, η, ψ, χ).

As a consequence of equation (34), Z is also independent of the coupling gYM 6= 0:

δZ = δ

(
− 1

gYM

2
)∫

[DX]exp(−S ′/g2
YM) · S ′

= δ

(
− 1

g2
YM

)∫
[DX]exp(−S ′/gYM) · {Q, V }

= δ

(
− 1

g2
YM

)
〈{Q, V }〉 = 0. (37)

where we used again equation (11).
Thus, in the limit of very small coupling constant, the path integral in the partition

function is dominated by classical minima. For the gauge field A, the action is

S ′A =
1

4

∫
M

√
gTr(F 2 + FF̃ ) =

1

8

∫
M

√
gTr(F + F̃ )2. (38)
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The minima for this action are given by the equation

Fµν = −F̃µν . (39)

Solutions to this equation are called (anti)instantons. If they exist, instantons have a moduli
spaceM whose “formal” dimension is given by (assuming G = SU(2))

d(M) = c2(E)− 3

2
(χ(M) + σ(M)), (40)

where c2(E) is the instanton number, χ(M) is the Euler characteristic of M and σ(M) is
the signature of M .

If d(M) > 0, other topological invariants will be given by those operators for which
{Q,O} = 0 and δgO = {Q, ρ} modulo those such that O = {Q, ρ}, as explained in section
2.1.1. The first operator that we find that is BRST invariant is φ:

{Q, φ} = 0,

it is independent of the metric and is not a BRST commutator. The lowest order gauge
invariant term that we can write is Trφ2; for SU(2) this is the only independent gauge
invariant polynomial in φ, and hence the first topological invariant is

O(0)(x) =
1

8π2
Trφ2. (41)

Thus, we have a first example of topological correlation function

〈O(0)(xs)O(0)(xs) . . .O(0)(xs)〉. (42)

This correlation function is independent of the metric and of the choice of x1, . . . , xS; indeed,
if we differentiate O with respect to the coordinates, we find

∂

∂xµ
O(0) =

∂

∂xµ

(
1

8π2
Trφ2

)
=

1

4π2
TrφDµφ = i{Q,Tr

1

4π2
φψµ}. (43)

If we define a new operator O(1) as

O(1)(x) =
1

4π2
Trφψµdx

µ, (44)

then we can write equation(43) as

dO(0) = {Q,O(1)}. (45)

If we continue this repeat this process recursively, we find

dO(1) = i{Q,O(2)}, dO(2) = i{Q,O(3)}
dO(3) = i{Q,O(4)}, dO(4) = 0, (46)
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with

O(2) =
1

4π2
Tr(φFµν − iλµλν)dxµ ∧ dxν ,

O(3) =
i

2π2
TrψµFνσdx

µ ∧ dxν ∧ dxσ,

O(4) = − 1

8π2
TrFµνFστdx

µ ∧ dxν ∧ dxσdxτ . (47)

If Σ is a k-dimensional submanifold (or a k-dimensional homology cycle), the integral

I(Σ) =

∫
Σ

O(k) (48)

is BRST invariant:

{Q, I} =

∫
Σ

{Q,O(k)} =

∫
Σ

dO(k−1) = 0. (49)

In simply connected manifolds, k-dimensional homology cycles exist only for k = 0, 2, 4.
For k = 0, Σ is just a point x in M and I(Σ) = O(0) which we will call just O. For
k = 4, Σ = M and I(M) =

∫
M
TrF ∧ F is the instanton number. For k = 2, let us denote

1
4π2 Tr(φFµν − iλµλν) as Zµν and Σ ⊂M is an oriented surface on M . From now, we will call
I(Σ) the integral for k = 2:

I(Σ) =

∫
Σ

Zµνdσ
µν .

Thus, for SU(2),the Donaldson invariants of smooth four-manifolds are the correlation func-
tions

〈O(x1) . . .O(xr)I(Σ1) . . . I(Σs)〉. (50)

These were studied by Witten in 1994 [3].

3 Donaldson Invariants as Correlation Functions

A general correlation function in our theory takes the form

Z[O] =

∫
DADψDηDχDλDϕe−SDW [A,ψ,··· ]/g2Y MO

where SDW is the (chern number modified) action defined previously (where it was called
S ′). Our correlation functions are invariant under change of the coupling, δgY M

Z[O] = 0, so
we can compute the correlation function above in the limit gYM → 0, e.g. we can extract
the O(g0

YM) = O(1) terms in the saddle-point approximation to obtain an exact answer.
Via the usual saddle-point approximation Z[O] then reduces to an integral over the moduli
spaceMfull of classical configurations that minimize the action (“zero-modes”) as well as an
integral over quadratic fluctuations around each of these configurations. Symbolically,

Z[O] =

∫
Mfull

dXe−SDW [X]/g2Y M

∫
DZX exp

[
−Za

X

(
∂2SDW
∂F a∂F b

)
F=X

Zb
X

]
O(ZX) (51)

where
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• X = (A,ψ, η, · · · , ϕ) ∈Mfull is a solution of the classical equations of motion and dX
is a measure on this space. As we will see Mfull is finite dimensional so this integral
will become a usual finite variable integral.

• F = (A,ψ, η, · · · , ϕ) is a general field configuration (not necessarily on-shell) and the
ZX are coordinates based at X, to be thought of as small fluctuations of fields around
the zero-mode X. The integral over ZX is easily computed by by Gaussian integration.
In the case that O = 1 it is just a product of functional determinants.

It then follows that the remaining integral reduces to a sum of integrals over the the moduli
spaces of extrema of SDW such that SDW/g

2
YM is a coupling-independent constant. We will

argue these are integrals over instanton moduli spaces.

Note The functional integral over DA is more precisely an integral over

C = Conn(M)//G

where Conn(M) =
∐

E Conn(E) is the space of all SU(2) bundles with connection (E,∇)
and G is the groupoid of bundle automorphisms. As G is a group of automorphisms it does
not map one isomorphism type of E to a different isomorphism type so we can write

C =
∐

isomorphism types [E]

CE

where CE = Conn(E)/GE for some representative E ∈ [E] (note that CE is independent of
representative). Thus, as isomorphism types of E are labeled by c2(E) ∈ Z∫

C
DA =

∑
c2(E)∈Z

∫
CE

DA.

3.1 The Classical (action minimizing) Equations of Motion

Recall the Donaldson-Witten action

SDW,0 =

∫
M

d4xTr

[
1

4
FµνF

µν +
1

2
φ∇µ∇µλ− iη∇µψ

µ + i (∇µψν)χ
µν − i

8
φ[χµν , χ

µν ]− i

2
λ[ψµ, ψ

µ]

− i

2
φ[η, η] +

1

8
[φ, λ]2

]
, (52)

where the subscript 0 is to remind ourselves that we have not included the additional chern
number term. The extrema which minimize this action and, hence, contribute the most to
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a saddle point approximation are solutions to the following classical equations of motion

0 =

{
F− if c2(E) > 0
F+ if c2(E) < 0

0 =(∇µψν)
+

0 =∇µψ
µ

0 =∇µϕ

0 =∇µλ

where the superscripts + and − indicate the self-dual and anti-self-dual projections respec-
tively (e.g. F− = 0 ⇔ F = − ∗ F ). Let Mfull

E be the moduli space of solutions (contained
in the appropriate space of fields up to gauge transformations) for some fixed SU(2) bundle
E. As the equations of motion contain the instanton equations of motion, there is a map

Mfull
E

projA−→ ME =Minstanton
E

Further note that the linearization of the instanton equations of motion F± = 0 about some
solution A is

(∇µδAν)
± = 0

where δA ∈ TAConn(E) is a tangent vector to some A a solution of the full equations
F± = 0. Because F± = 0 are gauge-invariant equations then the linearized equations are
automatically satisfied for δA pointing along the directions of the gauge orbit passing through
A. We are really only interested in connections up to gauge equivalence (e.g. we actually
want to focus on δA ∈ T[A]CE) so we impose the condition that the δA are transverse to
gauge orbits via the gauge condition

∇µδA
µ = 0.

Note that when c2(E) < 0 these are precisely the equations of motion for the grassman-
valued field ψ. Thus, the solutions to the ψ equations of motion about some (anti)instanton
background [A] ∈ ME (present in the connection ∆) are precisely the odd tangent vectors
to [A], e.g. 5

ψ ∈ ΠT[A]ME

where Π indicates the parity reversal of the tangent bundle (e.g. the fibers are odd vector
spaces). Thus, when c2(E) < 0 the map projA : Mfull

E → ME actually extends to a map
onto the supermanifold

M̃E = ΠTME = {(A,ψ) : A ∈ME and ψ ∈ ΠTAME} .

The claim is now thatMfull
E is in fact this supermanifold.

5Hence, the number of ψ zero modes at any point is equal to the number of A zero modes.
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Remark Note that the condition that c2(E) < 0 was essential for concluding that ψ was
an odd tangent vector to the instanton moduli space. Indeed, the EOM (∇µψν)

+ = 0 relied
on the choice of χµν as a self-dual tensor and holds true no matter what the chern number
of E. This equation only agrees with (∇µAν)

+ = 0 which is true for c2(E) < 0. As we will
argue in the next section correlation functions vanish for c2(E) > 0 so we will ignore this
case for the time-being.

The only fields left to analyze are the φ, λ, χ, and η fields. Now we note that the χ and
η fields are auxilliary, i.e. they only enter algebraicially and so their equations of motion
amount to nothing more than a reexpression of χ and η as functions of A,ψ, φ and λ. Hence,
the only possible extra moduli are contributed by the φ and λ fields. Note that these as
these fields are valued in the adjoint representation of G, they are sections of the bundle gE;
hence, as described in appendix 6.2 any non-trivial solution to the equations

∇φ =0

∇λ =0,

where ∇ is taken with respect to some A ∈ ME, implies that A is a reducible connection.
But we are assuming thatME contains no reducible connections (i.e. has no singularities);
so the only possible solutions are the trivial ones

φ = λ ≡ 0.

Thus, for c2(E) < 0,

Mfull
E
∼= M̃E.

Definition We define the total moduli space of anti-(super)-instantons (with anti-self-dual
curvature forms) as the disjoint union

M̃ASD =
∐

{[E]:c2(E)<0}

M̃E

where the brackets [·] indicate isomorphism type. This supermanifold has underlying bosonic
partMASD the disjoint union of all the anti-instanton moduli spaces.

3.1.1 Yang-Mills part of the action

If we substitute the solutions to the EOM, described in the previous section, into the action
S0 of equation (52) then we see that the only term which is nonvanishing is the contribution
from the YM-part:

SDW,0[X]/g2
YM = SYM [A], ∀X = (A,ψ, φ, · · · ) ∈ M̃E.
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But this contribution is just the standard instanton contribution derived in section 1.5,

SYM(A) =
8π2|c2(E)|

g2
YM

.

If S0 were to be the action present in the path integral, this would be problematic as the lead-
ing order factors of the correlation function Z[O] are e−S0[X] in equation (51), but S0[X]→ 0
in our exact saddle-point limit gYM → 0. However, this problem is overcome when one also
considers the extra topological chern number term

SDW =SDW,0 +

∫
F ∧ F

=SDW,0 + 8π2c2(E).

Thus, on a solution of the equations of motion X,

SDW [X] =

{
0 if c2(E) < 0

16π2c2(E) if c2(E) > 0

So we conclude that

e−SDW [X]/g2Y M
gY M→0−→

{
1 if c2(E) < 0
0 if c2(E) > 0

.

Thus, our correlation function reduces to an integral over M̃ASD

Z[O] =

∫
fMASD

dX

∫
DZX exp

[
−Za

X

(
∂2SDW
∂F a∂F b

)
F=X

Zb
X

]
O(ZX). (53)

Which, more specifically takes the form of a sum of low-energy correlation functions over
the moduli spaces M̃E of dimension dE = dim(M̃E),

Z[O] =
∑

{[E]:c2(E)<0}

∫
fME

dA1 · · · dAdE
dψ1 · · · dψdE

Õ (54)

where Õ is the effective low energy observable defined on M̃ASD (alternatively it is a collec-

tion of low energy observables defined on each moduli space M̃E). The effective low energy
observable is found by integrating out the non-zero modes 6, i.e. by computing the gaussian
integral over ZX in equation (53) (where X = (Ai, ψi))

Õ(X) =

∫
DZX exp

[
−Za

X

(
∂2S

∂F a∂F b

)
F=X

Zb
X

]
O(ZX).

6Of course M̃E usually does not have a global coordinate chart, so an explicit expression in local coordi-
nates (Ai, ψi) for the low energy observable will only be locally defined. However, as usual we will continue
to work with local coordinate expressions as if they were global without generating confusion.
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Of particular use is the computation of Õ for the observable O = φa. Even though φ ≡ 0 on
the moduli space M̃ASD, quadratic quantum fluctuations yield the non-zero result

Õ = 〈φa〉 =− i
∫
M

d4y
√
gGab(x, y)[ψµ(x), ψ

µ(y)]b

where the ψ involved are on-shell (i.e. satisfy the classical EOM), and Gab is the Green’s
function of the Laplacian ∇µ∇µ for some anti-instanton background. To compute 〈φa〉 we
must choose an anti-instanton background A and a fermionic field satisfying the classical
EOM with respect to A. Hence, the low energy observable Õ = 〈φa〉 is a function on M̃ASD.

Now via the definition of fermionic integration,∫
dψ1 · · · dψdE

Õ

vanishes unless

Õ(Ai, ψi) = ψl1 · · ·ψldE
Φl1···ldE (Ai) + · · ·

where the remaining terms that are not shown are terms of degree 6= dE in the fermionic ψi
and do not contribute to the fermionic integral. Note that Φl1···ldE can be taken to be totally
antisymmetric in its indices so it defines a degree dE form Φ onME, the underlying bosonic
moduli space (which is the instanton moduli space)

Φ = Φl1···ldEdAl1 ∧ · · · ∧ dAldE
.

Thus, ∫
fME

dA1 · · · dAddψ1 · · · dψdE
Õ =

∫
ME

Φ.

3.1.2 The U-charge determines the degree of Φ

We recall that the fermionic field ψ is assigned a U -charge +1 (also known as the “ghost”

charge or R-charge). Now the low-energy observable Õ must have the same U -charge as its
high energy counterpart O; so we find that

Õ = ψl1 · · ·ψldE
Φl1···ldE ⇐⇒ U -charge(O) = dE.

If O is U -charge “inhomogenous”, e.g. is a sum of (possibly infinitely many) terms with

different U -charges, then Õ is a sum of differential forms of degrees given by the U -charge
of each term. In the situation that O has a well-defined U -charge UO then (54) reduces to

Z[O] =

{ ∫
ME

Φ if dim(ME) = dE = UO
0 if 6 ∃dE = UO

where Φ is the differential form derived from O as previously described.
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Remark Given a product of observables O1 · · · On, in nice scenarios we may expect that in
the low energy limit

O1 · · · On  Õ1 · · · Õn  Φ1 ∧ · · · ∧ Φn

where the Φi is the differential form on instanton moduli space corresponding to Õi. This
nice factorization is certainly not the case for a general product of observables, but as Witten
mentions in [2], it happens to always be the case for the observables of interest in his
computations.

3.1.3 The Polynomial Invariants

We now restrict our attention to the “special” BRST-closed gauge invariant observables
previously defined. In our notation these were integrals of the O(k) over k-cycles. To fix a
convenient notation for this section we denote these observables by

I(k)(ζk) =

∫
ζk

O(k), ζk ∈ Hk(M ; R)

where k = 0, · · · , 4. Note that in the previous notation of section 1.7

ζ0 ∈ 〈x〉
ζ2 ∈ 〈γ1, · · · , γb2〉
ζ4 ∈ 〈z〉.

In the spirit of the analysis above, we now produce a table of the U -charges of the I(k) and
their corresponding low-energy observables.

I(k) High Energy Observable U -charge Low Energy Observable Associated Differential Form

I(0)(ζ0)
1
2
Tr(φ2) 4 1

2
Tr (〈φ〉2) Φ

(4)
ζ0

I(1)(ζ1)
∫
ζ1

Tr(φ ∧ ψ) 3
∫
ζ1

Tr (〈φ〉 ∧ ψ) Φ
(3)
ζ1

I(2)(ζ2)
∫
ζ2

Tr(1
2
ψ ∧ ψ + iφ ∧ F ) 2

∫
ζ2

Tr(1
2
ψ ∧ ψ + i〈φ〉 ∧ F ) Φ

(2)
ζ2

I(3)(ζ3) i
∫
ζ3

Tr(ψ ∧ F ) 1 i
∫
ζ3

Tr(ψ ∧ F ) Φ
(1)
ζ3

and as ζ4 ∈ H4(M) is just some integer multiple s of the fundamental class z = [M ]:

I(4)(ζ4) = −1

2

∫
ζ4

F ∧ F = −4πsc2(E).

Note that the observable associated to a k-cycle has a U -charge 4− k; hence, its associated
low-energy observable yields a 4−k form on instanton moduli space. The table then provides
a map

ν : Hk(M ; R)→ H4−k (MASD; R)
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with

ν(ζk) = Φ
(4−k)
ζk

.

AsME ⊂ CE this map is Witten’s answer to the map µ : Hk(M)→ H4−k(CE) that Donald-
son constructed using different techniques; and it provides all the necessary information for
constructing the Donaldson polynomial invariants via the procedure outlined in section 1.7.
More explicitly, we have a map

Q : R[x, γ1, · · · , γb2 ]→ R

given by

Q {p [x, γ1, · · · , γb2 ]} =Z
{
p
[
I(0)(x), I(2)(γ1), · · · , I(2)(γb2)

]}
=

∑
{[E]:c2(E)∈Z}

∫
ME

p
[
Φ(4)
x ,Φ(2)

γ1
, · · · ,Φ(2)

γb2

]
.

If the polynomial has homogeneous degree then only term in the sum is nonvanishing: the
one for which dE = |p| (if it exists) where |p| is the cohomological degree of |p|.

3.1.4 The Donaldson Series: revisited

Witten’s 1994 paper [3] produces the Donaldson-series of Kronheimer and Mrowka, rather
than individual polynomial invariants. This is done by computing the correlation functions

Z

[
exp

(∑
k

αkI
ζk
(k)

)]
,

where αk are arbitrary complex constants. Upon expanding the exponential we note that we
have an infinite collection of terms with varying U -charges, thus one expects this correlation
function is a sum of the Donaldson polynomial invariants over an the various moduli spaces
ME. We will not prove that this sum is precisely of the form provided in section 1.8 but
instead refer the reader to the examples provided for computations of these invariants for
K3 and the four-torus.

3.2 Kähler manifolds and N = 1

The holonomy group on a Kähler manifold is contained in SU(2)L × U(1)R, where U(1)R
is a subgroup of SU(2)R. Then, the supercharge that transforms under the global group
H as (0, 1)1 can be decomposed as (0,−1)1 ⊕ (0, 0)1 ⊕ (0, 1)1. Then, in addition to the old
“twisted” SUSY generator Q ∼ (0, 0)1, we have an extra Lorentz singlet (0, 0)1. Thus, one
can write

Q = Q1 +Q2, (55)

where Q1 is the part of Q inside one N = 1 subalgebra and Q2 is the part in the second.
These operators obey

Q2
1 = Q2

2 = {Q1, Q2} = 0, and {Q1,2,O} = {Q1,2, I(Σ)} = 0. (56)
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Let us consider temporarily M = R4 and regard R4 as a Kähler manifold7. The N = 2
SYM can be seen as an N = 1 theory by grouping the fields in the following way: (Aµ, ψµ)
is a gauge multiplet and Φ = (φ, η) is a chiral supermultiplet in the adjoint representation.
We can add to the action a (N = 1) supersymmetric mass term

∆S = −m
∫
d4xd2θTrΦ2 − h.c. (57)

This term can be written as ∑
a

αaI(Σa) + {Q1, . . .}. (58)

This perturbed theory has now a mass gap. The N = 1 theory has a symmetry Z2h and a
symmetry Z′

2 because the invariance under Φ→ −Φ. Z2h is broken to Z2 and therefore the
unbroken symmetry group is Z2 × Z′

2.
In a curved Kähler manifold, md2z is replaced by a holomorphic two form ω on R4.

Thus, requiring that H2,0 6= 0, the perturbation to the action is

∆S = −
∫
ω ∧ d2z̄d2θTrΦ2 − h.c. (59)

Now, let us use the implications of a mass gap to compute the Donaldson invariants in
a general manifold M . Temporarily, let us assume that there is only one vacuum. The first
invariant to be considered is the partition function Z = 〈1〉. We start with a metric g and
then we rescale it by g → tg with t > 0. When t → ∞, the metric becomes nearly flat.
When a mass gap exists, there is a response to a background gravitational field that is given
by an effective action which can be expanded as a sum of local operators. Thus,

〈1〉 = exp(Seff ), (60)

with

Seff =

∫
d4x
√
g(u+ vR + wR2 + . . .), (61)

where R is the Ricci scalar and u, v, w, . . .are constants. For and operator L of dimension n,∫
d4x
√
gL scales as t4−n. So, the first terms in Seff scale as t4, t2 and 1. As we are interested

in topological invariance, this effective action must be independent of t and therefore only
operators of dimension 4 can appear. The only topological invariants of a four-manifold
that can be written as the integral of a local operator are the Euler characteristic and the
signature:

〈1〉 = exp(aχ+ bσ), (62)

where a and be are constants to be determined later.
Now, let us consider the correlation functions

〈O(x1) . . .O(xr)〉. (63)

7z1 = y1 + iy2, z2 = y3 + iy4.
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Since we can rescale the metric, we can assume that the xi are far apart from one another
in a region in which M is basically flat. Hence, using cluster decomposition, we can write:

〈O(x1) . . .O(xr)〉 = 〈O(x1)〉rΩ · 〈1〉, (64)

where the subscript Ω refers to the normalized vacuum expectation value in the infinite
volume limit. Furthermore, we can write

〈exp(λO)〉 = 〈1〉 · exp(〈O〉Ω). (65)

Next, let us consider the operator I(Σ). The one point function is

〈I(Σ)〉 =

∫
Σ

dσµν〈Zµν〉. (66)

On R4 with a flat metric,〈Zµν〉 = 0 due to Lorentz invariance. Now, let us rescale the
metric by g → tg and take t → ∞. Because of the mass gap, we can write 〈Zµν〉 as an
expansion in terms of local invariants:

〈Zµν〉 = DµRDνDσD
σR + . . . (67)

All possible terms have dimension greater than two, therefore the expectation value
vanishes faster than 1/t2; but the area of Σ scales like t2, hence 〈I(Σ)〉 = 0. Using the same
argument, the two point function

〈I(Σ1)I(Σ2)〉 =

∫
Σ1×Σ2

〈ZµνZρσ〉dσµνdσ6ρσ (68)

vanishes for x 6= y, surviving only the contributions where x = y when t → ∞. These
contributions are localized at one of the intersection points wi and depend only on local
invariants of the behavior of Σa near wi, this is the relative orientation with which the
surfaces meet at this point. Thus,

〈I(Σ1)I(Σ2)〉 = η ·#(Σ1 ∩ Σ2) · 〈1〉, (69)

where η is a universal constant. Generalizing this procedure and assuming that the Σa have
only pairwise intersections, we can write〈

exp

(∑
a

I(Σa)

)〉
= exp

(
η

2

∑
a,b

αaαb#(Σa ∩ Σb)

)
· 〈1〉. (70)

Putting together equations (65) and (70), we get〈
exp

(∑
a

I(Σa) + λO

)〉
= exp

(
η

2

∑
a,b

αaαb#(Σa ∩ Σb) + λ〈O〉

)
· 〈1〉. (71)
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The above results are generalized to the case of a discrete set of vacua Ωρ (ρ ∈ S, S a
finite set) by the expression

〈
exp

(∑
a

I(Σa) + λO

)〉
=
∑
ρ∈S

〈1〉ρexp

(
ηρ
2

∑
a,b

αaαb#(Σa ∩ Σb) + λ〈O〉ρ

)
, (72)

where
〈1〉ρ = exp(aρχ+ bρσ). (73)

Now let us apply these results for a Kähler manifold and the gauge group SU(2). As
Z4 × Z′

2 is broken to Z2 × Z′
2, there are two vacuum states: |+〉 and |−〉. η and 〈O〉

are odd under the broken symmetry, therefore η+ = −η− and 〈O〉+ = −〈O〉−. We can
normalize the operators O and I(Σ) so that η± = ±1 and 〈O〉± = ±2 which agrees with the
normalizations used for the Donaldson invariants that have been computed mathematically.
There is a subtlety: the Z4 symmetry was generated by

α : ψ → iψ, ψ̄ → −iψ̄. (74)

In an instanton field of number k, the number of ψ minus ψ̄ zero modes is given by the index
theorem:

∆ = 4k − 3(1− h1,0 + h2,0) = 4k − 3

4
(χ+ σ) =

1

2
M. (75)

Under the symmetry (74), the integration measure for the fermion zero modes is rescaled
by i−∆, therefore the values of the partition function at the two vacua are related by

〈1〉− = i∆〈1〉+ = exp

(
−3iπ

8
(χ+ σ)

)
〈1〉+. (76)

Some formulae can obtained in hyper-Kähler manifolds, for which the two-form ω has
no zeroes. Also, the holonomy is not SU(2)L × U(1)R but SU(2)L, then the physical model
coincides with the topological model. There are two of these manifolds for dimension four:
a four-torus T4 and a K2 surface. For the four-torus, h1,0 = 2, h2,0 = 1, ∆ = 0, χ = σ = 0,
and therefore 〈1〉+ = 〈1〉− = 1. For K3, h1,0 = 0, h2,0 = 1, and hence 〈1〉+ = −〈1〉− = C.
Using these facts and comparing the formula (72) with the mathematical computation, the
correct value for C is 1/4.

4 Seiberg-Witten Duality

In 1994, Seiberg and Witten published a work in which they studied the structure of the
vacuum in N = 2 Supersymetric Yang-Mills theories [4]
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4.1 N = 2 SYM action

Let us consider again N = 2 SYM, with the fields Aµ, λ and φ, ψ in a single multiplet, all
of them in the adjoint representation of the gauge group. The action of the theory is

S =

∫
d4x

[
Im

(
τ

16π

∫
d2θTrW αWα

)
+

1

4g2
YM

∫
d2θd2θ̄TrΦ+e−2gY MV Φ

]
= Im Tr

∫
d4x

τ

16π

[∫
d2θWαWα +

∫
d2θd2θ̄Φ+e−2gY MV Φ

]
, (77)

where

Wα =
1

8gYM
D̄2
(
e2gY MVDαs

−2gY MV
)
,

with V a vector superfield containing Aµ and λ. Φ is a chiral superfield which contains
the scalar φ and the fermion ψ. Dα and D̄α̇ are the superspace derivatives. The complex
coupling constant τ is defined by

τ =
θ

2π
+

4πi

g2
YM

. (78)

The auxiliary field action is given by

Saux =
1

g2
YM

∫
d4x

[
1

2
D2 − gYMφ+[D,φ] + F+F

]
. (79)

By integrating the auxiliary fields D and F out, we get the bosonic potential

Saux = −
∫
d4x

1

2
([φ+, φ])2 = −

∫
d4xV (φ), (80)

which is semidefinite positive. Unbroken SUSY requires a ground state with V (φ0) = 0.
The action in equation (77) can be written in a way in which N = 2 SUSY is manifest.

We need to extend the anticommuting variable to θα, ¯thetaα̇, θ̃α,
¯̃thetaα̇ and introduce the

N = 2 chiral superfield

Ψ = Φ(ỹ, θ) +
√

2θ̃αWα(ỹ, θ) + θ̃αθ̃αG(ỹ, θ), (81)

where ỹµ = xµ + iθσµθ̄ + iθ̃σµ ¯̃θ and

G(ỹ, θ) = −1

2

∫
d2θ[Φ(ỹ − iθσθ̄, θ, θ̄)]+exp[−2gYMV (ỹ − iθσθ̄, θ, θ̄)].

Thus, we can write the N = 2 SUSY action as

Im

[
τ

16π

∫
d4xd2θd2θ̃

1

2
TrΨ2

]
. (82)
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More generally, we can write the N = 2 SUSY action in terms of a function of Ψ (only,
not Ψ+) F(Ψ). This is called the (holomorphic) “prepotential”. The action turns to be

Im
τ

16π

∫
d4xd2θd2θ̃F(Ψ). (83)

Notice that for equation (82), the prepotential is

1

2
TrτΨ2.

Also, we can write the action for N = 2 in terms of N = 1 as

Im
1

16π

∫
d4x[

∫
d2θFab(Φ)W aαW b

α

+

∫
d2θd2θ̄

(
Φ+e−2gY MV

)aFa(Φ)], (84)

where the Lie algebra indices in F denote the derivative respect to Φa.

4.2 Low-energy effective theory

4.2.1 The moduli space

Let’s consider the gauge group SU(2). Classically, the theory has a scalar potential

V (φ) =
1

2
([φ+, φ])2

, unbroken SUSY leaves the possibility of non-vanishing φ with the commutator vanishing.
We want to determine the gauge inequivalent vacua. If we write φ as

φ(x) =
1

2
(aj(x) + ibj(x))σj

with real a(x) and b(x). Using gauge invariance and requiring unbroken SUSY, we can write

φ =
1

2
aσ3

with a = a3+ib3 a complex constant in the vacuum. Rotations around the 1 or 2 axis of SU(2)
change a → −a (Weyl symmetry). The gauge invariant quantity describing inequivalent
vacua is Trφ2 = 1

2
a2 which is classically unchanged but not in in the quantum regime.

The inequivalent vacua, called the moduli space M, will be parametrized by the complex
u = 〈Trφ2〉 and the expectation value of φ will be 〈φ〉 = 1

2
aσ3. For 〈φ〉 6= 0, the Higgs

mechanism breaks SU(2) to U(1) generating masses for m =
√

2a for the fields Abµ, ψ
b, and

λb, b = 1, 2. Thus, we have now a theory with a U(1) gauge group and N = 2 SUSY.
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The term e−2gY MV in the action contributes only with 1 since the Abelian theory is not
self-interacting for the remaining fields. Therefore, the low-energy effective action is

Im
1

16π

∫
d4x[

∫
d2θF ′′(Φ)WαWα +

∫
d2θd2θ̄Φ+F ′(Φ)]. (85)

Classically, we have seen that F is given by 1
2
τclΨ

2. The full perturbative function,
including one-loop corrections, is given by

F =
i

2π
Ψ2ln

Ψ2

Λ2
. (86)

For very large a, contributions come from regions where the microscopic theory is asymp-
totically free and we can use the perturbative expression for F :

F(a) ∼ i

2π
a2ln

a2

Λ2
asu→∞

τ(a) ∼ i

π

(
ln
a2

Λ2
+ 3

)
. (87)

By looking at the kinetic term for the scalar φ in the second term of equation (85) we
can notice that it has the form of a sigma model, we see then that ImF ′′ looks like a metric
in the field space. It defines the metric in the moduli space:

ds2 = ImF ′′(a)dadā = Imτ(a)dadā. (88)

Now, the metric on the moduli space should be positive definite (Imτ(a) > 0); but since
F is holomorphic, ImF ′′ is a harmonic function and can not have a minimum. Therefore,
the coordinates a, ā,and the function F are pertinent only in a certain region of M. For
regions close to a singular point with ImF ′′ → 0, we must use different coordinates â and a
non singular Imτ̂(â). This latter description will be provided by duality.

4.2.2 Duality

Let us a “dual” field ΦD by
ΦD = F ′(Φ) (89)

and a “dual” function FD such that

F ′D(ΦD) = −Φ. (90)

This is a Legendre transformation

FD(ΦD) = F(Φ)− ΦΦD.
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Thus, we can write the second term in equation (85) as∫
d2θd2θ̄Φ+F ′(Φ) =

∫
d2θd2θ̄(−F ′D(ΦD))+ΦD

=

∫
d2θd2θ̄Φ+

DF
′
D(ΦD). (91)

Now, let us consider the first term in action (85). There is a constraint on the field Fµν :
1
2
εµνρσ∂νFρσ = 0. This is written in superspace language as Im(DαWα) = 0. This constraint

can be implemented by using a real vector superfield VD as a Lagrange multiplier. One can
add to the action the term

1

32π
Im

∫
d4xd4θVDD

αWα. (92)

But, ∫
d4θVDD

αWα = −
∫
d4θDαVDWα =

∫
d2θD̄2(DαVDWα) (93)

=

∫
d2θ(D̄2DαVD)Wα = −4

∫
d2θ(WD)αWα.

Then, we can Gaussian integrate Wα and we obtain that the term (92) is

Im
1

16π

∫
d4x

∫
d2θ

−1

F ′′(Φ)
Wα
DWDα. (94)

This is a dual Yang-Mills action with the effective coupling τ(a) replaced by − 1
τ(a)

. It can

be shown thatWD describes the electromagnetic dual F̃ , meaning that this is a generalization
of the electromagnetic duality. Equations (94) and (91)together describe the dual theory:

Im
1

16π

∫
d4x[

∫
d2θF ′′D(ΦD)Wα

DWDα +

∫
d2θd2θ̄Φ+

DF
′
D(ΦD)], (95)

where F ′′D(ΦD) = − 1
F ′′(Φ)

such that τD(aD) = − 1
τ(a)

.

The metric (88) on the moduli space can be written now as

ds2 = ImdaDdā = − i
2
(daDdā− dadāD), (96)

where aD = ∂F/∂a. Then, the symmetry of the moduli space is, initially, SL(2,R):(
aD
a

)
→

(
0 1
−1 0

)(
aD
a

)
(97)(

aD
a

)
→

(
1 b
0 1

)(
aD
a

)
, (98)
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with b ∈ R. The last transformation (the T transformation) acts on aD as aD → aD + ba. If
we look at the first term of the action, we see that it gets shifted by

b

16π
Im

∫
d4xd2θW 2 = − b

16π
Im

∫
d4xFF̃ = −2πbk, (99)

where k is the instanton number. Since the allowed shifts in the θ angle are by integer
multiples of 2π, b must be an integer. Thus, the symmetry group of the moduli space is
SL(2,Z).The first transformation (called the S transformation) is maps one description of
the theory into another description of the same theory; namely, it maps the action (85) into
the action (95).

4.3 BPS States and the Strong Coupling Region

We now propose the question: Given a massless N = 2 multiplet present in the spectrum
of some Lagrangian theory, can this multiplet gain mass as we deform our Lagrangian pa-
rameters? The answer turns out to be “yes,” although the deformed multiplet will be a
representation of a centrally-extended SUSY algebra, with the mass of the multiplet given
by the central charge.

4.3.1 N -Extended SUSY

We now state results from the representation theory of N extended SUSY (in four dimen-
sions). Recall that the SUSY generators lie in representations of

Spin(1, 3) ∼= SL(2,C)

in the case of a Lorentz-signature manifold, or

Spin(4) ∼= SU(2)× SU(2).

In the case of a Riemannian signature manifold an irrep of the Lie algebra spin(4) decomposes
as a product SL ⊗ SR where SL and SR are representations of the left and right su(2)
subalgebras of spin(4). The standard N -extended SUSY algebra is then{

Qi
α, Q̃β̇j

}
= δijΓ

µ

αβ̇
Pµ (100){

Qi
α, Q

j
β

}
= 0{

Q̃i
α, Q̃

j
β

}
= 0

where the Qα are elements of SL and Q̃α̇ are elements of SR (the indices α and α̇ run from
1 to 2), and the i, j run from 1 to N .

Let us now look at the case of Lorentzian signature. At the algebra level sl(2,C) is the
space of 2× 2 traceless complex matrices and su(2) sits inside sl(2,C) as the traceless skew-
Hermitian matrices. An irrep V of sl(2,C) then decomposes as a direct sum of irreps of the
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su(2) subalgebra as SL ⊕ SL. Where SL is the complex conjugate of ρ with respect to the
complex structure on V . Thus, the SUSY algebra for the Lorentzian case looks similar to
(100) with the extra condition that

Q̃α̇ = (Qα)
†

where the complex conjugation † is the given by the complex structure on the irrep V . Note
that for the Riemannian case there is no spin(4) equivariant complex structure relating the
left and right algebras so this condition does not exist; see appendix 6.3 for further details.
For the remainder of these sections on Seiberg-Witten Duality we will work primarily in
Lorentzian signature; again only mentioning in passing that the important results can be
generalized to work in Riemannian signature when we attempt to apply them to Donaldson
Theory.

We now state the dimensions of such SUSY representations for the massive (where the
representation is derived from an irrep of the little group Spin(2) × U(N), where U(N) is
the Lorentzian R-symmetry group) and massless representations (where the representation
is an irrep of the little group U(1)× U(N)), respectively

• M2 6= 0: Irrep has dimension 22N .

• M2 = 0: Half of the supercharges are represented trivally and the irrep has dimension

2N
CPT−→ 2(2N).

Where on the last line we noted that we sometimes double such a representation to its CPT
completion (e.g. for an N = 2 multiplet with helicities j = −1, 0, 1/2 by CPT we must also
have a multiplet with j = −1/2, 0, 1).

4.3.2 The Centrally Extended Algebra

Here instead of the QQ and Q̃Q̃ anticommutators vanishing we require{
Qi
α, Q

j
β

}
=εαβε

ijZ{
Q̃i
α, Q̃

j
β

}
=εα̇β̇ε

ijZ̃.

Where Z ∈ C is an additional central charge. For a Lorentz-signature metric with the
constraint Q̃ = Q† we have that Z̃ = Z. One can show that a massive unitary representation
of such an algebra requires a bound on the mass: M ≥ |Z|, called the BPS (Bogomolny
Prasad Sommerfeld) inequality. We now state the dimensions for massive representations of
a centrally extended algebra.

• M > |Z|: Irrep has dimension 22N

• M = |Z|: Irrep has dimension 2N
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We note that something magical happens when the mass of the multiplet is equal to the
central charge: the dimension is “halved” from the generic massive case. Indeed, when
M = |Z| one can prove a linear combination of the SUSY generators is represented trivially
(in a similar manner to how this occurs for massless representations).

Definition An irrep of a centrally extended SUSY algebra such that M = |Z| is called a
BPS representation (also called a short representation).

Such representations are of extreme interest to both mathematicians and physicists as, loosely
speaking, the presence of a BPS representation in the massive spectrum of a supersymmetric
theory is stable against deformations of parameters in the Lagrangian. If the deformations of
the Lagrangian are given by choosing different vacua over some moduli space; understanding
the BPS spectrum and possible discontinuous jumps of the spectrum (called wall-crossing)
yields important information about the geometry of the underlying moduli space.

4.3.3 Classical Analysis of the Spectrum over the u-plane

Recall that the u-plane is parameterized by the holomorphic coordinate u = 〈Trφ2〉. In
a purely classical approximation this reduces to 〈Trφ〉2 = 1

2
a2 where a = Tr(φ). In a

classical Higgs-mechanism analysis, the u-plane has a singularity at u = 0 where all fields
remain massless but everywhere else the vector multiplets W b

µ gain a mass MW = ea (e the
gauge-coupling constant) along the cartan “orthogonal” directions (e.g. b = 1, 2) with W 3

remaining massless and generating a residual U(1) gauge symmetry. The low lying spectrum
for u 6= 0 is then

• Massless U(1) vector multiplet W 3: 8-dim massless SUSY rep with helicity content

1 2 1
1 2 1
. . . . . . . . . . . . . . .

j = −1 −1
2

0 1
2

1

• Massive vector multiplets W± = W 1 ± iW 2 with U(1) charge +1: 8 states with spin
content

1 2 1
1 2 1
. . . . . . . . . . . . . . .

j3 = −1 −1
2

0 1
2

1

Note that the remaining massless vector multiplet forms a SUSY rep of the correct dimension
(2(22) = 8 where the extra factor of 2 arises from adjoining its CPT conjugate), which it
should as nothing happens to it under the Higgs mechanism. However, there 8 states for
the massive W bosons (4 for the W+ boson, 4 for the W− boson) while a generic massive
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(non-centrally extended) SUSY rep is expected to have dimension 24 = 16. Thus, the only
way the W bosons can assemble themselves into SUSY multiplets is if these multiplets are
BPS: e.g. they are invariant under a centrally extended algebra and their masses saturate
the BPS inequality. Indeed, a BPS multiplet for N = 2 extended SUSY has dimension
22 = 4 (with CPT this becomes 8-states and, indeed, the W± bosons are CPT conjugates of
one another).

4.4 Other Contributions to the Spectrum at Weak Coupling

In the calculation of any correlation function at weak coupling, via the saddle-point ap-
proximation, the path integral also receives contributions from “soliton” solutions to the
equations of motion of the low-energy effective action. In other words, the semi-classical
mass spectrum contains

• The quantization of “small oscillations” around the vacuum. These “oscillations” can
be thought of as the quantized solutions to the linearized equations of motion (expanded
about the chosen vacuum). Each field contributes one particle and this is how we get
the W -bosons and the U(1) gauge field.

• The quantization of “solitons”/lumps.

In N = 2 super-YM the fields which minimize the action (so contribute non-trivially to the
path-integral at weak coupling) are time-independent solutions to equations of motion whose
bosonic parts are

[φ, φ] = 0

Fij =
1

2
εijk∇kφ.

The first equation is just the familiar condition that the classical scalar potential be min-
imized (i.e. Vscalar = 0); the solutions can be written up to a gauge transformation as
φ = 1

2
a(~x)σ3 where ~x ∈ R3 some spacelike slice; note that we do not require φ to necessarily

be constant in space. The latter equations are called the Bogolmony equations. The obvious
solutions

φ(~x) ≡ 1

2
aσ3

F ≡ 0 ⇒ A gauge equivalent to the zero connection.

where a is constant, give the absolute minima of the action and are just the vacua labeling
the classical moduli space. However, there are well-known solutions, called the monopole
solutions, for which φ is not a constant field. As suggested by their name, such solutions have
a corresponding magnetic charge as discovered by using the magnetic analogue of Gauss’ law
on the field strength εijkFjk = Bi (after projecting F onto the unbroken gauge group, see

36



section 4.4.1); in particular, solutions are known which have magnetic charge ±1. At large
distances (where the scalar field approaches a constant) the field generated by such solutions
looks like that of a point source Dirac monopole. However, unlike the Dirac monopole these
solutions have a finite action and the connection never becomes singular.

There is actually a whole moduli space of magnetic monopole solutionsMmon with magnetic
charge +1 (similarly for monopole solutions with magnetic charge −1) equipped with a nat-
ural action of the Poincaré group P = Spin(4) o V for V ∼= R4 the translations. For small
oscillations, there is also a moduli space: i.e. the linear space spanned by each indepen-
dent solution to the linearized equations of motion. The quantization of this (via canonical
quantization) is the familiar one-particle Hilbert space consisting of single photons and W+

bosons 8.

In the quantization of our theory we expect to see the presence of soliton solutions. There
are two possibilities for their quantized versions.

1. It may be that such solutions appear as resonances, i.e. complex poles in the resolvent
of the Hamiltonian, which would be the case if quantum mechanical tunneling of the
soliton solutions into small oscillations or other solitons occured (e.g. a monopole might
decay into a collection of photons and W+ bosons). In this case the soliton resonances
are not in the real-valued spectrum of the Hamiltonian so they should be expressible
as (complicated) linear combinations of small oscillations.

2. More interestingly, if under quantization our soliton solutions are protected against
quantum mechanical tunneling, then we expect them to be in the spectrum of the
Hamiltonian. In this situation, the soliton solutions are orthogonal states to the small
oscillations so, in analogy to the small oscillation situation we must include the single-
particle quantization of the soliton moduli space into the Hilbert space of the theory.
This can be done via canonical quantization to get H1-part

∼= L2(Mmon) or through
some geometric quantization procedure.

Remark For a Lorentz covariant version of the above discussion, we may want to replace
the word “Hamiltonian” with “momenta,” i.e. the full generators of the translation group
V = R4. Although nothing is wrong with the way it is currently expressed.

If we consider the full supersymmetric versions of our monopole solutions, it turns out that
they are of the latter type: i.e. they are protected against quantum mechanical tunneling
and we expect to see them as stable particles in the mass spectrum of our theory. Indeed,
at the classical level half of the SUSY generators vanish on the full supersymmetric ver-
sions of the monopole solutions. Hence, half of the SUSY generators vanish on the moduli
space of supersymmetric monopoles M̃mon and so, as monpoles are massive, the one-particle

8By the usual procedure we then take the Fock space of the one-particle Hilbert space to be contained in
Hilbert space of the full field theory. If we ignore soliton contributions then this small oscillation Fock space
is taken as the entire Hilbert space.
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quantization of this moduli space Hmon is a BPS representation. This is quite a powerful
result, BPS particles are generically protected against decay: they can only decay into par-
ticles whose central charge has the same phase. Thus, such particles are protected against
tunneling via quantization and are present as stable particles in the mass spectrum of our
theory.

Taking the Fock space built aroundHmon we have a representation for the monopole field as a
BPS hypermultiplet, i.e. the spin of the fermionic components is 1/2. Indeed, the bosonic part
of the monopole solution is rotationally symmetric; hence is lies in a spin 0 representation
of the massive little group (spin(2)). Under application of the SUSY generators the entire
monopole BPS multiplet has spin content

1 2 1
. . . . . . . . .

j3 = −1
2

0 1
2

so forms a hypermultiplet. This is rather unusual from the small oscillation perspective as
only vector multiplets are present in the Lagrangian; there is no Higgs type mechanism to
generate these hypermultiplets, unlike the W+ bosons which lie in BPS vector multiplets:
their presence is only revealed through solutions to the full non-linear equations of motion.
We now make two remarks.

Remark There is also a moduli space of (anti) monopoles with magnetic charge −1. These
are equally as important as the +1 monopoles and their quantized versions lie in the mass
spectrum of the theory. The same story follows as with the monopoles and they form a
BPS hypermultiplet with opposite magnetic charge. We may also speak of moduli spaces of
monopoles with charges > 1 or < 1.

Remark Under quantization monopoles of charge nm can gain an electric charge given by

qe = ne +
θ

2π
nm

where ne, nm ∈ Z. For a rough outline for why this is true see appendix 6.4. Thus, the
massive spectrum of our theory actually contains dyons (particles with electric and magnetic
charges).

We now wish to find the mass of such dyons. Because our particles are BPS this question is
reduced to finding the central charge of a dyonic hypermultiplet.

4.4.1 Olive and Witten’s Central Charge Equation

Assume a given solution of the classical equations of motion for pureN = 2 SYM, is invariant
under some centrally extended SUSY algebra. With this assumption, one can calculate
the necessary central charge (in the classical theory) via a result of Olive and Witten [5].
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In particular, let A, φ be the (non-Auxiliary) bosonic components of our solution and let
(~x, t) ∈ R4 be a coordinate system so that ~x ∈ R3 is some coordinate on a spacelike slice. If
the solution is to have finite energy, then it is necessary that the scalar field must approach
a constant value at asymptotic spatial infinity

φ(~x)
|~x|→∞−→ 〈φ〉.

Thus, under quantization, this solution contributes to the semiclassical spectrum of the the-
ory with vacuum expectation value 〈φ〉. If we expand the action around our time-independent
solution; then just as with the standard classical Higgs mechanism, as φ(~x) can be gauged
to lie in the cartan subalgebra, we see that the SU(2) gauge group is broken to the maximal
torus U(1). The vacuum expectation value of φ is then labeled by the gauge invariant pa-
rameter a = Tr(φ2). The resulting abelian theory has appropriately normalized electric and
magnetic fields:

Ei =
1

a
Tr [φF0i]

Bi =
1

a
εijkTr [φFjk]

where we note that Tr(φF ) projects the field strength F onto the unbroken U(1) direction.
We can now extract the electric and magnetic charges (with respect to the remaining U(1)
gauge theory) of our solution by Gauss’ law (with normalization such that the W+ bosons
have qe = 1)

qe =

∫
d3x∂iEi =

1

a

∫
d3x∂i [Tr (φF0i)]

qm =

∫
d3x∂iBi =

1

a

∫
d3xεijk∂i [Tr (φFij)] .

Olive and Witten were able to show that if the solution is known to be SUSY invariant, the
supercharges leaving the solution invariant must satisfy{

Qj
α, Q

k
β

}
=aεjkεαβ

(
qe +

i

e2
qm

)
where e is the broken U(1) gauge coupling. So the algebra must be centrally extended with
central charge

Z = a

(
qe +

4πi

e2
qm

)
so the mass of the multiplet is required to satisfy

M ≥ a

√
q2
e +

(qm
e2

)2

;
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If half of the supercharges vanish on the solution, the resulting multiplet is BPS and the
inequality above is saturated. This is the case for the W-bosons as well as the magnetic
monopole solutions discussed previously. In fact, via the standard Higgs mechanism the
mass of the W bosons is precisely M = 〈φ〉 which agrees with the equation above as qe = 1
and qm = 0 for W -bosons.

4.5 Masses of the Dyons

From this latter observation we can rewrite Olive and Witten’s equation for the central
charge of a (semiclassical) massive dyonic hypermultiplet as (setting a = 〈φ〉)

Z =a

(
qe + i

4π

e2
qm

)
=a

[
ne +

(
4πi

e2
+

θ

2π

)
nm

]
=a (ne + τclnm) . (101)

where τcl is the holomorphic gauge coupling 9. In particular, the mass of the monopole (with
qm = 1, qe = 0) is given as

Mmonopole =
4π|a|
e2

which can be alternatively verified by direct substitution of the monopole solution into the
Hamiltonian for N = 2 SUSY to calculate the energy. In general, note that the central
charge equation implies that the mass of any dyon (including the monopole) with a non-zero
magnetic charge behaves at small coupling (where this equation is valid) like

Mdyon ∼
|a|
e2
.

so for weak coupling, the masses of all dyons are very large. This means the low-lying
mass spectrum is dominated by the perturbative W± bosons as the dyons decouple from the
physics at low enough energies.

9Note that τcl runs with the Wilsonian energy scale; hence, we expect this semiclassical description to be
modified in a full quantum theory
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4.6 Asymptotic Freedom and the Deep Quantum Regime of Small
u

The effective prepotential for the effective abelian gauge theory (after integrating out all
massive fields) takes the form (evaluated on vacua) 10

F(u) = i
1

2π
u log

( u
Λ2

)
︸ ︷︷ ︸

Perturbative contributions

+
∞∑
k=1

Fk
(

Λ2

u

)
u︸ ︷︷ ︸

Instanton contributions

.

The perturbative contributions are derived from the classical prepotential along with 1-loop
corrections (higher loop corrections vanish by holomorphy arguments), while the instanton
contributions arise via integrating out SU(2) instantons in the original SU(2) (high energy)
theory. Although we have an explicit expression for the perturbative contribution, we still
know very little about the instanton contributions and, in fact, before Seiberg and Witten
came along this was the source of the difficulty in understanding the effective theory at
strong coupling. Indeed, for large u where the effective coupling is small, the instanton
corrections are suppresed by powers of 1/u so the theory is dominated by perturbative
corrections. However, at small u the instanton corrections play a significantly larger role
than the perturbative corrections. This means that the entire classical description of the
u-plane is likely no longer valid.

Let us look at the problem of small u from a different (but related) point of view. Recall
that N = 2 SYM (with SU(2) gauge group) is asymptotically free. Thus, as one continues
to integrate out all massive particles the effective gauge coupling continues to grow. Let µ
be the Wilsonian renormalization scale so that eeff(µ) is a function of µ; at some point there
is a scale Λ such that

eeff(Λ) ∼ 1

so perturbation theory can no longer be applied. Once the lowest mass particle is integrated
out we obtain a our pure U(1) effective gauge theory with coupling eeff(Mlowest). The strength
of the effective coupling, thus, depends on the scale of the lowest mass; at small u where our
semiclassical description is valid, we know that this mass is proportional to a ∼

√
u. Hence,

we have the following observations:

• |u/Λ2| << 1⇒ eeff << 1: semiclassical perturbative regime.

• |u/Λ2| & 1⇒ eeff & 1: perturbative description breaks down.

10where we can replace the moduli parameter u everywhere with Ψ2, where Ψ is the N = 2 superfield, to
see the form of the prepotential in the effective action
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4.6.1 Low Energy Spectra: Expectation

Given what we have learned about the S transformation of the SL(2,Z) duality of our low
energy theory along with observations about monopole contributions to the semiclassical
mass spectrum (at large u) we can make a good guess about the dominant mass spectrum
of the u plane for small u. Indeed, from our semiclassical analysis we showed the mass of a
dyon behavs like

Mdyon ∼ 1/e2,

thus, if at least this qualitative description holds in the deep quantum regime, the dyonic
masses continue to shrink and we would expect the low lying mass spectrum to be domi-
nated by BPS hypermultiplets consisting of monopoles and dyons rather than W± vector
multiplets. Furthermore, these hypermultiplets may be expected to naturally couple to an
S-dual transform of the U(1) (electric) gauge field: a U(1) magnetic magnetic gauge field
with holomorphic gauge coupling τD = −1/τ . In this dual magnetic description eD ∼ 1/e
so as e is very large, eD is small and so the description would be perturbative. In summary:
we expect

• u > Λ2: eeff < 1 and spectrum is dominated by massive electrically charged W± bosons
(BPS vector multiplets) and a U(1) (electric) gauge field.

• u . Λ2: eD,eff < 1 and spectrum dominated by massive monopoles/dyons (BPS hyper-
multiplets) and a U(1) (magnetic) gauge field.

4.6.2 The Quantum-Corrected Central Charge and Duality

As just discussed, if in the region of small u the monopole/dyon description is fully petur-
bative, then just as the semiclassical description u = 1

2
a2 was good for large u, we have that

u = 1
2
a2
D is a good semiclassical description for small u. Here we are defining aD = φD,

where φD is the scalar component of the U(1) vector superfield.

Furthermore, via the Olive and Witten result (now replacing “electric” everywhere with
“magnetic”) the semiclassical central charge for monopoles can be given as

Z = aDnm.

Thus, for general dyons, we expect that

Z = ane + aDnm

Note that this is a generalization of the previous semiclassical expression (101); however, in
the previous expression τcl changes with the Wilsonian renormalization scale; but it does not
make sense that Z depends on the scale. This latter expression is renormalization invariant
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and, in fact, gives the full quantum description of the central charge. Now, under a general
SL(2,Z) transformation M (

aD
a

)
7→M

(
aD
a

)
But the physical theory is the same under SL(2,Z) transformation; hence, the central charge
Z (which is a physical quantity) should be invariant under such a transformation. This
requires

(nm, ne) 7→ (nm, ne)M
−1

so that

Z = (nm, ne)

(
aD
a

)
is invariant. Hence, when performing a duality transformation, if there are particles of
charges (nm, ne) (such as BPS dyons) before the transformation, then there are particles of
charges (nm, ne)M

−1 after the transformation.

Remark SL(2,Z) symmetry is a full duality symmetry of the effective pure U(1) gauge
theory (after all masses are integrated out). However, the full duality does not lift to a
duality symmetry of the theory with masses (i.e. there is no full Olive-Montonen duality).
As we will see, the actual duality subgroup for the full theory is a subgroup Γ(2) ≤ SL(2,Z)
generated by a set of monodromies on the u-plane.

4.6.3 Structure of the moduli space

Useful information about the behavior of a(u) and aD(u) through the moduli space M can
be obtained from their behavior as u is taken around a closed contour. If there are not
singular points inside the contour, a and aD will just return to their initial values. But, if
the contour goes around a singular point, a and aD will not return to the original values and
we will have a “monodromy” for the a(u) and aD(u).

Let us consider first the monodromy at infinity. As we saw previously, as u → ∞, the
perturbative expression for F in equation (87) is valid. Therefore,

aD(u) =
∂F(a)

∂a
=
i

π
a

(
ln
a2

Λ2
+ 1

)
, u→∞ (102)

Thus, if we take u around a (counterclockwise) contour of very large radius: u→ e2πiu;
this is equivalent to encircle the point ∞ on the Riemann sphere in a clockwise direction.
Thus, as u→ e2πiu,

a→ −a and aD →
i

π
(−a)

(
ln
e2πi

Λ2
+ 1

)
= −aD + 2a.
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This is (
aD
a

)
→

(
−1 2
0 −1

)(
aD
a

)
= M∞

(
aD
a

)
. (103)

u =∞ is a branch point of aD(u), and it’s a singularity of the moduli space.
Now, since a branch cut starts and ends somewhere, there must be at least another

singularity. The global symmetry u → −u implies that singularities should come in pairs.
Besides ∞, the only fixed point under this symmetry is u = 0; thus, if there are only two
singularities, they have to be∞ and 0. But, by deforming the contour around 0, one can see
that the monodromy around 0 is the same as the one around ∞ and a2 is a good complex
coordinate. This is contradictory with previous discussions. Therefore, there must be at
least two more singularities in addition to infinity: ∞, u0 and −u0. A natural interpretation
of singularities in the u plane is that some extra massless particles appear at a particular
value of u. These singularities at ±u0 cannot be massless gauge bosons because that would
imply u0 = 0. These singularities turn out to come from monopoles and dyons when they
become massless.

The mass of a magnetic monopole is given by m2 = 2|aD|2, which vanishes when aD = 0,
let us call u0 to value of u for which this happens. Magnetic monopoles are described by
hypermultiplets M coupled to the dual fields ΦD and WD. In this dual description of the
theory, aD ∼ 〈ΦD〉 is small when u is near to u0. The beta function is given by

µ
d

dµ
gD =

g3
D

8π
(104)

and (for θD = 0) τD = 4πi
g2D(aD)

; also, the scale µ is proportional to aD. Therefore, dτD =

−8πi/g3
D. Hence,

aD
d

daD
τD = − i

π
⇒ τD = − i

π
lnaD. (105)

But τD = d(−a)
daD

, and therefore

a ≈ a0 +
i

π
aDlnaD −

i

π
≈ a0 +

i

π
aDlnaD as u ≈ u0. (106)

As aD is a good coordinate near u0, it depends linearly on u:

aD ≈ c0(u− u0)

a ≈ a0 +
i

π
c0(u− u0)ln(u− u0). (107)

When u turns around u0, u− u0 → e2πi(u− u0) and therefore

(
aD
a

)
→

(
aD

a− 2aD

)
→
(

1 0
−2 1

)(
aD
a

)
= Mu0

(
aD
a

)
. (108)
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We want, now, to find the third singularity, at u = −u0. The contour around infinite
is equivalent to a counterclockwise contour with a very large radius. This contour can be
deformed into a contour encircling u0 and a contour surrounding −u0, both counterclockwise.
Then, we can write

M∞ = Mu0M−u0 . (109)

Therefore

M−u0 =

(
−1 2
−2 3

)
. (110)

Let us consider the row vector (nm, ne) = q, the massless particle that produces a mon-
odromy M obeys qM = q. Then, one can confirm that the monopole obeys q1Mu0 = q1
with q1 = (1, 0). In addition, one can check that the q corresponding to M−u0 is q−1 = (1,−1)
which is known as a dyon. Thus, this monodromy arises from a massless dyon at u = −u0.

4.7 The Seiberg-Witten Solution

Note that once we determine the pair of (locally) C-valued u-plane functions (aD(u), a(u))
everywhere, then we have determined the whole duality class of low energy effective prepo-
tentials, and hence, effective Lagrangian descriptions for each vacuum u. Before Seiberg and
Witten, an exact determination of (aD, a) would have been considered impossible, especially
in the strong coupling regime where the perturbative description breaks down and unknown
instanton contributions to the prepotential dominate. However, the duality description in
conjunction with the insights about the nature of singularities in the strong coupling region
allowed Seiberg and Witten to discover such an exact solution.

4.7.1 The Bundle

Recall that the moduli space of vacua is the u-plane CP 1 − {0,+Λ2,−Λ2} equipped with
a Z2 action u 7→ −u. The duality arguments from above show that (aD, a) are naturally
viewed as sections of some flat 11 SL(2,Z) rank-2 C (holomorphic) vector bundle F with
monodromy group Γ(2) generated by

M∞ =

(
−1 2
0 −1

)
MΛ =

(
1 0
−2 1

)
M−Λ =

(
−1 2
−2 3

)
.

11Flatness arises as we want to implement monodromy transformations as the result of parallel transport
of (aD, a) around loops encircling singularities. E.g. we want a connection whose parallel transport around
loops should furnish a representation of the fundamental group of the u-plane (with singularities removed)
so the connection needs to be flat.
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The (aD, a) form a local holomorphic sections of F . More precisely, we showed such a section
(aD, a) is only locally defined up to a Γ(2) monodromy transformation; so what we really wish
to find are generators of Γ(2)-family of local sections (aD, a) on each local trivialization of
F over the u-plane 12. The problem then lies in constructing such a bundle and determining
these generators.

4.7.2 A Natural Construction

Note that a general SL(2,Z) transformation acts on

τ(u) =
daD/du

da/du

via

τ 7→ aτ + b

cτ + d
,

(
a b
c d

)
∈ SL(2,Z).

The invariant information contained in the orbit of such a τ under SL(2,Z) is contained in
a Riemann surface of genus 1. An SL(2,Z) transformation the orbit of τ defines a unique
complex structure on a torus. Thus, over each point u we assign an elliptic curve Eu with
complex structure given by τ (called the period matrix in this context); forming an elliptic
fibration over the u-plane. At the singularities on the u plane (where τ vanishes or blows
up) the torus fibers Eu degenerate as a homology cycle vanishes.

Each torus fiber contains a natural action of SL(2,Z) which are the automorphisms of the lat-
tice Γu ⊂ C2 which generate Eu = C2/Γu (from another point of view, these automorphisms
are implemented via Dehn twists). The SL(2,Z) action passes down to the 2 (complex)
dimensional first cohomology H1(Eu; C). Thus, given an elliptic fibration we immediately
a natural choice for a rank 2 complex vector bundle F by taking the cohomology groups of
the elliptic fibers Eu as the fibers of F . Thus, it only remains to find an elliptic fibration
with singularities at {0,±Λ2} and Γ(2) as the monodromy group for the corresponding F .
Seiberg and Witten knew of such a fibration (by then a well-known example by algebraic
geometers) given by

E =
{
(yu, x) ∈ C2 : y2

u = (x− Λ2)(x+ Λ2)(x− u)
}
.

On a generic torus-fiber Eu there is a canonical holomorphic 1-form, called the invariant
differential form [6] given by

θu =
dx

2yu

12Better yet we can think of the (a, aD) as a global section on the pullback of F to a Γ(2) cover of the
u-plane. Indeed, in the final section of original Seiberg-Witten paper the u-plane is described as a quotient
H/Γ(2) of the upper half-plane H. The pullback mentioned here would be via the quotient map H→ H/Γ(2).
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In terms of this differential form, the period-matrix τu of Eu is given by

τ =

∫
b
θu∫

a
θu
,

so as

τ =
daD/du

da/du

then for some arbitrary constant α,

daD
du

= α

∫
b

θu

da

du
= α

∫
a

θu

where the a and b cycles are independent generators for H1(Eu; Z). By imposing the asymp-
totic conditions

a(u) ∼
√

2u, u→∞

one can derive that

α = − 1

2
√

2π
.

Writing out the integrals over θu explicitly, and solving the differential equations for a and
aD, then

a(u) =

√
2

π

∫ Λ

−Λ

dx

√
x− u

x2 − Λ4

aD(u) =

√
2

π

∫ u

Λ

dx

√
x− u

x− Λ4
,

which are hypergeometric functions and possess the correct monodromies around the points
±Λ and ∞.

5 The Seiberg-Witten Invariants

This section will mostly be a sketch of the ideas behind deriving the Seiberg-Witten invariants
and their relation to Donaldson theory via the technology of Seiberg-Witten duality described
in the previous section. There are many important details left unmentioned but the goal is,
hopefully, to give the reader a sense of the big picture.
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In the description of Donaldson-Witten theory, the tractability of the computation of the
correlation functions13 Z[ODW ] relied on the exact saddle point approximation in the limit
gYM → 0. The resulting expressions were integrals over (anti)instanton moduli spaceMASD,
and the topological invariance of the correlation functions allowed us to identify them with
the Donaldson polynomial invariants. The limit gYM → 0 is a (semi)-classical limit in the
sense that the major contributions to the correlation functions came from the equations of
motion and small quantum fluctuations around them (computable via Gaussian integrals).
However, because the correlation functions Z[O] of interest are coupling-constant invariant,
one should also be able to compute them in the “deep-quantum”14 limit gYM →∞.

Before the advent of SW duality, one may wonder why you would want to do such a thing:
the correlation functions Z[O] were easily computable in the semi-classical limit, why try
to compute them in the poorly understood quantum regime where perturbation theory is
far from applicable; especially when you know the final result will be the same? Yet, after
Seiberg and Witten’s description of the deep quantum regime for N = 2 pure SYM as
a weakly coupled (semiclassical) regime of monopoles and dyons an interesting possibility
arose: perhaps a new TQFT with weak coupling arises as a dual description of strongly
coupled Donaldson-Witten theory. The Donaldson-Witten correlation functions ODW could
then be re-expressed in terms of the topological correlation functions OSW adapted to the
new SW-dual TQFT.

5.1 The u-plane Integral

Donaldson-Witten theory is related to N = 2 SYM via the Witten twist (with the cou-
pling constant of the untwisted theory becoming the coupling constant of Donaldson-Witten
theory), so it is not surprising that there is also the notion of the u-plane of scalar field
expectation values in DW theory. Indeed, the scalar fields φ and φ are twisted into φ and λ
(respectively) and in SDW there is the scalar potential [λ, φ] carrying over from the SYM de-
scription. Hence, in DW theory there is also a space of possible vacua labeled by u = 〈Trφ2〉.
In SYM theory on flat R4 each vacuum u labels a different theory; and computations of
correlation functions requires a choice of u; different sectors of u do not mix. However,
DW theory is formulated on a compact 4-manifold where constant scalar fields are normal-
izable (as opposed to the non-compact R4 case); so the computation of a specific correlation
function may require integrating over different values 15 of u.

13Where ODW are products of the BRST closed I(k)
γ .

14Because of the way that the coupling constant and the metric enter into the Donaldson-Witten action,
taking gY M → ∞ is equivalent to rescaling the metric g → tg as t → ∞. This latter limit can be thought
of as “blowing up” the manifold causing it to look more and more locally flat. Furthermore, by blowing up
the manifold we are increasing the size of local regions so long wavelength “Fourier modes” of correlation
functions become increasingly important; hence, this is equivalent to taking an infrared limit of the theory.

15From a different point of view, in SYM u labels the boundary conditions at asymptotic infinity on the
scalar fields φ integrated over in the path integral. As R4 is non-compact, it would take an infinite amount
of energy to change from one set of boundary conditions to another. For a finite sized system (e.g.a compact
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We did not see any integral over u in our computation of the correlation functions Z[ODW ]
in the semi-classical limit gYM → 0. In fact, for b+ > 1 (so there there were no reducible
connections) we concluded that the only possible value for the scalar field on the classical
moduli space was φ ≡ 0; meaning our path integral only received a contribution from u = 0
in this limit. From the alternative point of view (as explained in [7]) from the untwisted
SYM, we can think of the region in the u plane where the theory is classical (large u) as
expanding in the limit gYM → ∞; until the only contribution to the correlation function
comes from u = 0. At this point, as the theory is classical, the SU(2) gauge symmetry is
unbroken.

If we want to compute in the gYM →∞ limit, then the path integral will, in general, receive
contributions from the entire (full-quantum) u-plane which means we need to have an excel-
lent understanding of the deep quantum regime. Seiberg-Witten’s description provides such
an understanding for the u-plane of SYM on flat R4 and because of the relationship between
DW theory and SYM via the Witten twist, it turns out a similar description can be applied
to the u-plane of DW theory on a 4-manifold. In fact, Moore and Witten discovered in [8]
that if b+ > 1, the correlation function Z[ODW ] receives contributions only from the special
(singular) points u = ±Λ2 describing a U(1) gauge theory with a massless monopole/dyon.

5.2 Seiberg-Witten Theory

We expect that the theories near the singular points u = ±Λ2 in DW theory, look like
Witten twisted versions of SYM near the monopole and dyon points. Motivated by this, we
analyze the structure of the flat R4 SYM theory at near the singular monopole point which
consists of of a U(1) vector multiplet and ±1 magnetically charged hypermultiplet (at the
dyon point these hypermultiplets have dyonic charges). If we perform a Witten twist on
such a theory the vector multiplet changes in the same manner as the twist we performed to
go from SYM to the DW theory. The new structure that we have not previously analyzed
was the hypermultiplet

field spin statistics SU(2)L × SU(2)R × SU(2)I
ξα 1/2 fermion (1/2, 0, 0)
ϕ, ϕ̃ 0 boson (0, 0, 1/2)

ξ̃α 1/2 fermion (0, 1/2, 0)

this twists to

field spin statistics SU(2)L × SU(2)I′

ξα 1/2 fermion (1/2, 0)
ϕα̇ 1/2 boson (0, 1/2)

ξ̃α̇ 1/2 fermion (0, 1/2)

manifold with or without boundary) this would only require a finite energy. Hence, correlation functions of
operators with Fourier modes of wavelengths smaller than the size of the manifold can probe into different
values for u.
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The expectation is that the resulting twisted theory also forms a TQFT. Indeed, the same
analysis applies to the supercharges under this twist, we once again end up with a supercharge-
singlet (e.g. our BRST operator) Q from which we can show the new twisted theory is
topological with appropriate choice of BRST closed correlation functions. Yet, there is one
important caveat: the twisted hypermultiplet contains spinor fields: ϕα, ξα, and ξ̃α̇. If we
are to formulate the theory on a general 4-manifold M , then we must be able to construct
a spin bundle on M . As Spin(4) = SU(2)− × SU(2)+ such a bundle is equivalent to the
following.

Definition A spin structure on a manifold M is a pair of rank 2 vector bundles S+, S− →M
each with structure group SU(2) and related to the tangent bundle by the map

Γ : TM → Hom
(
S+, S−

)
.

Remark Sections of S− are fields transforming under SU(2)L with undotted indices, while
sections of S+ are fields transforming under SU(2)R with dotted indices. Furthermore, the
map Γ is just given by the familiar Γµ

αβ̇
that satisfy the Clifford algebra relations.

But not all simply connected, closed 4-manifolds are spinnable (i.e. admit a spin bundle).
16 So it would appear at first sight we are restricted to spin manifolds: this is not good if we
wish to make a connection with Donaldson theory, which is valid on any simply connected
orientable closed 4-manifold. The day is saved by the remaining global U(1) symmetry. In
particular, we note that the fields ξα, ϕα̇, ˜̇α lie in a representation of the global symmetry
group Spin(4) × U(1) such that the action of (−1,−1) ∈ Spin(4) × U(1) is trivial. Hence,
the fields lie in a representation of the quotient group

Spinc(4) = (Spin(4)× U(1))/Z2

So the minimal structure required on our 4-manifold is a Spinc(4) bundle: e.g. a rank-2 C
vector bundle W with structure group Spinc(4). More specifically,

Definition A Spinc structure on M is given by a pair of rank-2 C vector bundles W± over
M with an isomorphism detW− ∼= detW+ = L, where L is a line bundle over M such that
locally W± = S± ⊗ L1/2.

Remark Here detW = Λ2W is the determinant line bundle 17, S± is a spin bundle, and
L1/2 is a local square root of L, i.e. L1/2⊗L1/2 = L. Neither S± nor L1/2 may exist globally
so these equations only make sense over some local patch on M .

Remark The twisted fields ϕα̇ and ξ̃α̇ are sections of W+ (as suggested by the dotted-
indices) while ξα is a section of W−.

16The obstruction to the existence of a spin bundle for four manifolds is the second Stiefel-Whitney class
w2(M) ∈ H2(M ; Z).

17whose transition maps are those of W
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Remark Locally, Hom(W+,W−) ∼= Hom(S+, S−) so we can think of the local maps Γ as
coming together to form

Γ : TM → Hom
(
W+,W−)

Again, we will denote is map in components by Γµ
αβ̇

.

It is a well-known result that all closed orientable 4-manifolds admit a Spinc structure,
allowing us to make sense of the fields ϕα̇ and ξα. In fact, just as there is a classification of
the SU(2) bundles E over M , there is also a classification of our Spinc vector bundles.

Remark Let W± be a Spinc structure on M and det(W±) = L the determinant line bundle.
Then the first Chern class c1(L) ∈ H2(M ; Z) classify W± uniquely up to isomorphism.

Finally, we must make sense of differentiation on our Spinc bundles. Locally, W± = S±⊗L1/2

so we have two natural structures:

• A Dirac operator on the (locally defined) spin bundles S±

D : Γ(S+)→ Γ(S−)

• A connection A (this is the U(1) gauge field) on the (locally defined) line bundle L1/2

From these two structures, on each of our local patches where they are defined we can create
a Spinc connection

DA : Γ(W+)→ Γ(W−),

On a local section φ of W+, we can write this connection in local coordinates as

(DAφ)α = Γµ
αβ̇

(D + A)µφ
β̇

It turns out that with consistent local choices of D and A the connection DA is well-defined
globally. We make one more observation to help us write down the Seiberg-Witten equations.

Remark As S+ is a pseudo-real representation, then S+ ⊗ L1/2 ∼= S+ ⊗ L−1/2. Thus, if ϕ
is a section of W+, locally ϕ⊗ ϕ is a section of[

S+ ⊗ L−1/2
]
⊗
[
S+ ⊗ L1/2

] ∼= Λ0
C ⊕ Λ2,+

C

where Λ0
C = Λ0T ∗M ⊗ C is just the trivial line bundle whose sections are complex-valued

functions on M and the sections of Λ2,+
C
∼= (Λ2T ∗M)

+ ⊗ C are self-dual (complex-valued)
2-forms on M . Roughly, as the line bundles “cancel” in this computation, this result holds
globally. Thus, we have a sesquilinear map

τ : Γ(W+)× Γ(W+)→ Λ2,+
C
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such that τ(ϕ, χ) is the projection of ϕ⊗ χ ∈ Λ0
C ⊕ Λ2,+

C onto Λ2,+
C . We can write down this

projection explicitly if we define

Γµνα̇β̇ =
1

2

[
Γµδα̇Γνδβ̇ − Γνδα̇Γµδβ̇

]
(e.g. the commutator of Γ matrices). So that

τ(ϕ, χ)µν = ϕα̇Γµνα̇β̇χ
β̇.

With this technology, the Seiberg-Witten equations of motion for a section ϕ ∈ Γ(W+) of
some Spinc bundle on M with a Spinc connection DA are

F+
A =− τ(ϕ, ϕ)

0 =DAϕ.

These equations of motion for the U(1) gauge field A and the boson ϕα, resulting from the
new action on the four-manifold M ; for clarity, we can write them more explicitly as

F+
µν =− i

2
ϕα̇Γµνα̇β̇ϕ

β̇

0 =Γµα̇β(D + A)µϕ
β̇. (111)

Note that the action only contains a U(1) gauge field, so compared to the situation in
Donaldson theory, there are no self-interactions of the gauge field with itself. However,
unlike the situation in Donaldson theory, there are now matter multiplets that the gauge
field couples to, this complicates the equations of motion (111) in a different way than gauge
self-interactions via the addition of the quadratic term τ(φφ) as well as the coupling between
A and ϕ in the second equation.

5.3 The Moduli Space and the Invariants

With a choice of spin structure W± (labeled by a line bundle L or its first chern class c1(L))
we expect a whole moduli space MSW,L of solutions to (111) inside of the space of fields F
roughly consisting of fields (A, φ) up to gauge transformations. In fact, we can compute the
virtual dimension to be 18

dimMSW,L =c1(L)2 − 1

4
(2χM + 3σM)

where c1(L)2 is defined to be the integer
∫

[M ]
c1(L)2 ∈ Z. Because the equations of motion

depend on the metric chosen, so does the embedding of the moduli space dimMSW,L inside
of F . But once again a cobordism can be constructed in F that shows the homology class
[dimMSW,L] does not depend on the choice of metric g chosen on M as long as b+ > 1 so no

18When this dimension is negative there are generically no solutions.
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singularities arise. From this point of view we can construct topological invariants just as in
Donaldson theory. From the field theoretic point of view, the new twisted theory is equipped
with a BRST charge Q from which we can use to define a class of topological correlation
functions that are independent of the U(1) gauge coupling e. Thus, just as with Donaldson
theory we can take the limit e→ 0 to derive topological invariants as integrals over the (new)
moduli space MSW,L. Just as the Donaldson polynomial invariants QE were dependent on
the bundle E chosen, and could be labeled by the second chern class c2(E) (or equivalently
the chern number), the Seiberg witten invariants depend on the Spinc bundles W± chosen
and are dependent on the first chern class of the determinant bundle c1(L) ∈ H2(M ; Z).

Although the equations of motion (111) appear no more easily solvable than the anti-
instanton equations of Donaldson theory, the resulting moduli space of solutions has a beau-
tiful property: it is compact; this is definitely not the case for the anti-instanton moduli
spaces ME. Hence, it is not hard to believe Seiberg-Witten invariants are easier to com-
pute and understand than Donaldson invariants. The beauty of all of this is that the field
theoretic approach shows that Seiberg Witten invariants should be intimately related to
Donaldson invariants: we derived the SW equations of motion from looking at the field the-
ory dominating contributions to DW correlation functions in the strong coupling limit. In
fact, the coupling constant e of the SW action (the action involving the U(1) gauge field,
monopoles and dyons) behaves like e ∼ 1/gYM (where gYM is the coupling constant in the
original donaldson theory) via S-duality. Hence, the gYM → ∞ limit of Z[ODW ] in the
S-dual description is the e → 0 limit of the SW-action where the path integral localizes
aroundMSW : so we should be able to express Z[ODW ] in terms of the (easier to compute)
Seiberg-Witten invariants. Using their field theoretic techniques, Seiberg and Witten were
able to formulate an explicit relationship between these two types of invariants. First of all
it is expected that

(Simple-type condition in Donaldson Theory)←→ (SW (c1(L)) 6= 0⇔ dimMSW,L = 0)

Where SW (w) is the Seiberg-Witten invariant (which we have not explicitly defined) corre-
sponding to a spin structure W± whose determinant line L has c1(L) = w. We now recall
that if a manifold satisfies the simple-type condition in the Donaldson-sense, the Donaldson
series of section 1.8 takes the form

D(γ) =eI(γ,γ)
[
r1e

K1(γ) + · · ·+ rme
Km(γ)

]
,

where

• γ ∈ H2(M ; R) is arbitrary,

• I : H2(M ; R)×H2(M ; R)→ R is the intersection form,

• ri ∈ Q,
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• Ki ∈ H2(M ; R) with Ki(γ) = Ki _ γ =
∫
γ
Ki ∈ R.

Seiberg and Witten found that the classes Ki which appear in the Donaldson series are those
for which SW (Ki) 6= 0 and, furthermore,

ri = 2
1
4(18+14b1+18b+2 −4b−2 )SW (Ki)

where b1 is the first Betti number (before now we assumed b1 = 0 as our manifold was
always simply connected, but we could have generalized our results to non-simply connected
manifolds). As of yet, none of these statements are supported by fully rigorous statements
although the conjectured relationship between SW invariants and Donaldson invariants is
widely considered to be true by mathematicians.

6 Appendix

6.1 The Hodge Star Operator

If M is an orientable manifold is equipped with a metric g (not necessarily Riemannian) and
dim(M) = n, then we have a hodge star operator which maps k-forms to n− k-forms:

∗ : Ωk(M) 7→ Ωn−k(M)

defined s.t. for two k-forms ξ, η ∈ Ωk(M)

〈ξ ∧ ∗η〉 = 〈ξ, η〉 dvol

where dvol ∈ Ωn(M) is the normalized volume form on M (dvol ∧ ∗dvol = dvol) which in
local coordinates is

dvol =
√
| det g|dx1 ∧ · · · ∧ dxn.

Indeed, in local coordinates for η ∈ Ωk(M) we have

(∗η)ι1,··· ,ιn−k
=

1

k!
ηj1,··· ,jk

√
|detg|εj1,··· ,jk,ι1,··· ,ιn−k

where the indices on η were raised using g. Now, if g has signature s = sgn(detg) a compu-
tation shows

∗ ∗ η = (−1)k(n−k)sη

In particular, if dim(M) = n = 2 and k = 2 then

∗2 = s1

where 1 is the identity operator on Ω2(M). Hence, if M has Lorentzian signature ∗2 = −1
on 2-forms. In a basis, this is a matrix with eigenvalues ±i so can only be diagonalized
over complexified forms Ω2(M) ⊗ C. On the other hand, if M has Riemannian signature
∗2 = 1 and we can split Ω2(M) into the ±1 eigenspaces of ∗, i.e. the self-dual forms and the
anti-self-dual forms.
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6.2 Reducible Connections and Singularities

For this section we will take G to be a (non-abelian) gauge group, g its Lie algebra, and P
a principal G-bundle. Let ρ : G → Aut(V ) be a representation of G and E = P ×ρ V its
associated vector bundle. The reader should keep in mind the case of interest: G = SU(2).
We will assume without proof that the space ME ⊂ Conn(E) (given by the kernel of a
differential operator) inherits a smooth structure. The reader should keep in mind the case
of interest: G = SU(2). Making an analogy with results for finite dimensional manifolds,
the only obvious failure of a smooth structure on the quotient ME/GE occurs at points of
ME where the stabilizer subgroup jumps in dimension. More precisely, recall that (in local
coordinates) a gauge transformation γ ∈ GE acts on a connection A as

γ · A = γ∗A

= γAγ−1 + (dγ)γ−1

where this computation is done in a local trivialization of E so that A ∈ Ω1(M, g) (a
Lie-algebra valued 1-form) and γ ∈ Ω0(M, g) (a Lie-algebra valued function). Define the
stabilizer subgroup of A as

Stab(A) = {γ ∈ GE : γ · A = A} ≤ GE.

Note that the group G embeds into GE as constant gauge transformations; and the action
of G is just by conjugation. Thus, for an arbitrary connection A, we have Z(G) ≤ Stab(A)
for Z(G) the center of the group G. Furthermore, we expect that for a generic connection
Stab(A) = Z(G). This motivates the following definition.

Definition If Stab(A) = Z(G) we call the connection A irreducible; if this stabilizer group
is larger than Z(G) then we call the connection reducible.

Remark In the case G = SU(2), the center Z(G) = Z/2.

We will work with the assumption that a generic connection is irreducible. Then, the quotient
spaceME =ME inherits a smooth structure fromME except at the points [A] ∈ME where
[A] is the orbit of some reducible connection.

We now give a alternative description of the stability subgroup that will give a useful con-
dition for irreducibility. In particular, note that GE = Γ(Aut(E)): automorphisms of the
bundle E are just sections of the bundle Aut(E). In this fancier language

Stab(A) = {γ ∈ Γ(Aut(E)) : γ · A = A} .

If we would like to understand the lie algebra Lie(Stab(A)), then we should first understand
the lie algebra Lie(GE) defined as the space TeGE of vectors at the identity e. First of all, as
GE = Γ(Aut(E)) a vector ξγ ∈ TγGE is naturally defined as a vector field ξ̃ along the section
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γ such that π∗ξ̃ = 0 (the vector field is vertical 19), where π : E →M is the projection map.
Thus, an element of Lie(GE) is a vertical vector field along the identity section of Aut(V ).
Note that as the fibers of Aut(E) are acted on by G, a vertical vector is naturally identified
with an element of the lie algebra g; so we can think of such a vector field locally as a map
M → g. More precisely, including the “twist” of the bundle E we have

Lie(GE) = Γ(gE) = Ω0(M, gE)

where gE = P ×ρ∗ g is the vector bundle associated to P via the induced representation
ρ∗ : g → End(E). Note that the connection A ∈ Conn(E) induces a natural connection on
gE

∇A : Ω0(M, gE)→ Ω1(M, gE)

given in a local trivialization by

∇As = ds+ [A, s].

where A is to be thought of as a Lie algebra valued 1 form and s a local lie algebra valued
function. Note that ∇As is just an infinitesimal gauge transformation of A by s. Hence, the
condition that γ · A = A reduces to the infinitesimal condition

∇As = 0

e.g. s is convariantly constant. Hence,

Lie(Stab(A)) =
{
s ∈ Ω0(M, gE) : ∇As = 0

}
.

In the case of G = SU(2) we have Z(G) = Z/2 a discrete group so 0 = Lie(Z(G)); hence,
A is irreducible ⇒ Lie(Stab(A)) = 0. Thus, A is reducible if there exists any non-vanishing,
covariantly constant section of gE.

6.3 Real Representations of the SUSY algebra in Lorentzian vs.
Euclidean Signature

The extra condition in the Lorentzian case relating left and right moving algebras is vital:
it means that our rep V = SL ⊕ SL representation is a real representation, i.e. there exists
an antilinear map (complex conjugation)

† : V → V

that commutes with the action of sl(2,C) (is equivariant) and such that (†)2 = 1. The real
vector space given by the fixed point set of † then forms a representation for sl(2,C). In
fact, we can write an explicit basis for this vector space given by the (real) supercharges

QR
α =

1

2

[
Qα ± (Qα)

†] .
19An infinitesimal deformation of a section to another section is a vertical deformation
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On the other hand, there is no such equivariant † map in the Riemannian case (reps of
spin(4)) and no relationship between the left and right moving algebras. Indeed, there are
notions of complex conjugation on each of the su(2) subfactors, but there exists no equiv-
ariant complex conjugation on the full spin(4) representation. However, as SU(2) ∼= Sp(1),
there is an underlying symplectic 20 structure on SL that is preserved by the action of the
left su(2) (similarly for the right su(2)). In terms of the supercharge basis these symplectic
forms are given by εαβ and εα̇β̇. These symplectic structures combine in to a well-defined
symplectic structure εαβεα̇β̇ on the representation SL⊗SR that is preserved (equivariant) with
respect to the full spin(4) action. Such representations are called symplectic or pseudo-real
21.

We can form an honest real representation of spin(4) by superficially doubling our pseudo-
real representation (taking the direct sum with itself) and choosing a complex structure
compatible with the symplectic form on the new representation. Once can show this complex
structure is equivariant with respect to the spin(4) action, and the fixed point set of the
complex conjugation defines a real representation. Note that this doubling gives “twice as
many fermions.”

This is a rather subtle issue that we overlooked when defining the Witten-twist of N = 2
SYM theory: the twist is performed in Riemannian signature (where there are twice as
many real fermions as in Lorentizian signature). In perhaps the most sadistic omission in
these notes we will only mention that the twist can be performed so that the fermionic field
counting works.

6.4 Monpoles Gain an Electric Charge

The moduli space of monopoles Mmon is naively S1 × R3. The R3 collective coordinates
are generated by translations of a monopole solution (monopoles are localized in space as
they look like the Dirac monopole from far away), while the circle direction is generated by
the global (electric) symmetry group U(1)e. A wavefunction which is non-constant around
this circle direction possesses a non-trivial action of U(1)e. Thus, the space Hmon can be
decomposed into non-trivial representations for U(1)e: thus there are wavefunctions with
non-zero (integer) electric charge.

However, if the original gauge theory has a non-zero θ-angle, then the moduli space is not
necessarily a cylinder: U(1)e acts in a twisted manner. Indeed, let a ∈ R3 and β ∈ S1. The
assumption that we have a compact circle direction generated by U(1)e led to the boundary

20Actually quaternionic.
21It is called pseudo-real as it is isomorphic to its complex conjugate using the complex structure from

the individual SU(2) factors; however, as we mentioned, this complex structure is not preserved by the full
action of spin(4).
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conditions

Ψ(a, β + 2π) = Ψ(a, β).

But if we include a θ angle term in the classical Lagrangian (multiplying the Chern Simons
term), then one can derive the Noether current generating U(1)e is given by the vector field
∂
∂β

+ θ. Hence, we should have

Ψ(a, β + 2π) = Ψ(a, β)eiθ

Wavefunctions with this property are linear combinations of those of the form,

Ψ(a, β) = ψ(a) exp

[
i

(
ne +

θ

2π

)
β

]
, ne ∈ Z.

The electric charge of such a state is

qe = ne +
θ

2π

If we generalize to moduli spaces of more general magnetic monopoles we will end up with

qe = ne +
θ

2π
nm; ne, nm ∈ Z.
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