chapter

8 Conservation of Energy

Potential energy of a conservative force (Section 8.1)

1. Mass—spring system

e Context in the textbook: Before Example 1 in Section 8.1.

2. Conservative force: Path integrals

e Contfext in the textbook: Section 2.1 considers conservative force in one
dimension. This example verifies the path-independent property of a

conservative force in two dimensions. It may be used at the end of Section
8.1.

Potential energy due to gravity plus spring force (Section 8.2)

The following exercises may be used before Example 4 in Section 8.2:
3. Spring toy: Maximum height

4. Spring toy: Special points of U

5. Releasing a compressed spring

6. Spring-pulley system with friction

Power (Section 8.5)
Two exercises before Example 9 of Section 8.5:
7. Climbing up a hill

8. Maximum speed on a flat road
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Consider a mass—spring system. The spring force asserted on the block is
given by Hooke's Law: Fypring = —kAx. Denote the potential energy of the
spring by U(x). At x = O the spring is relaxed: U[O) = 0. U(x) is the work
done by the stretching force in going from x = O to x = x’, which is given
by which of the following?

A B C D
12 2 X [
kx kx fo kxdx fo kxdx

Extra: Release the mass from rest at x = x’. Determine the kinetic energy at
x =0 in terms of x’, k, m. Hint: Not all the quantities here need to be used.

Explanation: When the spring is pulled to the right, both the pulling force
and the displacement are in the same direction. The pulling force is opposite
to the spring force. The latter obeys Hooke's Law: Foui = —Fspring = kAx. So

work done in stretching the spring from x = O to x = x’ is given by

Answer C.

Extra—explanation: Conservation of energy implies that the kinetic

energy at O is the potential energy released as the mass moves from x = x’
to x =0, which is kx'2/2.
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A particle is under the influence of a force: F = 2xyi + x?j. Determine the
relationship between work done by this force along two different paths:
O—->A—-Cand O—»B— C. At C, xc=xa=1 and YC=YB= 1.
Choose one of the following solutions:

A WOA + WAC > WOB + WBC
B Woa+ Wac= Wop + Wac
C WOA + WAC < WOB + WBC

Explanation: Notice that along each segment either the x integral or the
y integral (not both) is involved.

Woa = Joa2xydx oa = O because y = 0 along OA.

Wac = Jacx?dyl ac = 1. Here x = 1 along AC was used.

Wos = Jopx?dy| o = O because x = 0 along OB.

Wiec = [sc2xydx| sc = 1. Here y = 1 along BC was used.

Put it all together: Woc = Woa + Wac = Wog + Wae = 1. Answer = B.

Digression: The path independence of W is a necessary condition for F
to be conservative. The extension of Eq. (8.21) to two dimensions is to
replace the derivative there by partial derivatives: F, = —aU/dx, and F, =
—9U/ady. We can easily verify that U= —x?y leads to the expressions of F,
and F, given here. The extension of Eq. (8.20) leads to (as expected)

Woc = —(Uc — Uo) = —=([—x?%y]c — [-x*Y]o) = =(=(1) + 0) = 1, in
agreement with the results here.
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A toy has a plastic top of mass m attached to a spring with a spring
constant k. The top is pressed from position A—the relaxed position of the
spring when no mass is attached to it—to position B. The vertical distance
between A and B is b. After the plastic top is released from position B, how

high will the top rise? Let h be the height measured from A. Choose one
answer:

A B C
, kb? b2 kP
(2mg) — b  (2mg) (2mg)

Explanation: Conservation of energy implies that (%)ka = mglh + b).
Solving for h leads to Answer B.
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Consider the spring toy of the previous question, Question 3. Let the
equilibrium position of the spring in the absence of the top be at the origin
O; the equilibrium position in the presence of the top is at C. Find the
magnitude OC:

A B C
OC mg/k 2mg/k  mg/2k

Hint: The potential function is given by U = kx?/2 + mgx.

Extra: Determine the two x values where U = 0.

Explanation: Based on the potential function given, the corresponding
force asserted on the top mass is given by F = —aU/dx = —kx — mg. The
equilibrium occurs at x = —mg/k. In other words, the magnitude OC =

mg/k. Answer = A.

Extra—explanation: Solving the equation U = kx?/2 + mgx = O gives
x =0 and x = —2mg/k. Notice the equilibrium point (where the net force
from the weight plus the spring force is zero) is the midpoint between the two

points where U = 0. A similar situation occurs as described in Fig. 8.12 of
Section 8.2.
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Consider the uphill motion of this block after the release of a compressed
spring at A. The block stops at B. Write the work—energy theorem that relates
distance AB = a + b to the other quantities listed here:

Notations: Mass of the block m

Spring constant k

Coefficient of kinetic friction

Initial compression a

Angle of the incline !
A ka?/2 = mg(a + b)(sin a + u cos a)
B ka?/2 = mg(a + b)(sin a + w sin a)
C  ka?/2 = mgla + b)(cos a + ux cos a)
D  ka?/2 = mg(a + b)(cos a + u sin a)

Hint: WeXtAB = (KB — KA) + (UQB — UQA) + (USPB — USpA) + WdisAB

Explanation: There is no external force involved, so W45 = 0. The block
is at rest at A and at B: Kg = K4 = 0. When the block is at B, the spring is
relaxed: UPg = 0. At A the spring is compressed by a, so UP4 = ka?/2. The
gravitational potential energy U9 — U94 = g(a, + by) = mg(a + b) sin a. The
dissipative energy (due to frictional force f) is the only contribution to

Wdis \p = fs = wemg, (a + b) = wemgla + b) cos . Putting this all together
and rearrangement leads to the equation of Answer A.
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Consider the spring—pulley system shown here. Assume that the coefficient of
friction u, the spring constant k, the mass m;, and the mass m;, are all given.
When the bottom of block 2 is at position A, the spring is in the relaxed
state. When block 2 is released from rest at this state, the system moves

clockwise. This motion continues until block 2 comes to rest at position B. The
work-energy relation from A to B leads to which of the following?

A mgh=kh?/2 + umigh
B mogh = kh?/2 + umygh
C  (my + mo)gh = kh?/2 + umigh

Hint: In the absence of external force, the energy equation gives O = (U95 —
Ugy) + (UsPg — UsPa) + WHIs 5 where U8 and USP are potential energies due
to gravity and spring, respectively; Wdis 45 is the dissipative work done by
friction; and the kinetic energies are not included because the blocks start
and stop at rest.

Explanation: (Usg — U84) = ngh, (UsPg — USPy) = I(h2/2, WdiSAB = ,um1gh.
Putting these terms together and rearranging them leads to the expression of
Answer B.
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A car is climbing up a hill with a constant speed v. It experiences air
resistance R = 1000 N. The weight of the car w = 30 000 N, and the angle
of inclination § = 0.1 radians. If the maximum power of the car Ppgx = 10
kW, then find the maximum speed of the car. (Use the small-angle
approximation sin 8 = §.) Choose one of the following:

Vmox = PmGX/(We + R)

A

B Vmax = Pmax/ (w6 — R)
C  Viax = Pmax/(W0)

D Vmax = Pmax/R

Hint: P=F - v.

Extra: Determine vpax in m/s.

Explanation: For the car moving uphill, R is pointing downhill. Because the
car is moving with a constant speed, the net uphill force equals the downbhill
force: F = w6 + R or Viax = Prax/F. Answer = A.

Explanation—extra:
Vmax = Pmax/ (W0 + R) = 10 000/(30 000 x 0.1 + 1000) = 2.5 m/s.
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We begin with a similar setup as in Question 8-7. A car is climbing up a hill
with a constant speed vp. The air resistance (the drag force) is Rp. On a flat
road, if the air resistance does not change with speed, the maximum speed
of the car will be given by Vimax = Pmax/Ro when the maximum power of the
engine is assumed to be the same for both cases. Now assume the air
resistance is proportional to the speed: R = (v/vo) Ro. Again Pray is fixed.
The corresponding maximum speed on a flat road v/ ax is given by which of
the following?

A B C D
(Vmox + VO)/2 \/VmchO \/2 Vmax V0 Vmax

Hint: P = Fv.

Explanation: Taking into account the velocity-dependent drag force
assumed, the flat road maximum speed V' ax = Pnax/R’ = Prax/

[RoV' max/ Vo] = VinaxVo/V max- Solving for v/ imax gives Vvimaxvo. In other words,
the actual maximum speed is the geometric mean between vo and vigx.
Answer = B.
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